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ucational categories, 22 occupations, and 19 industries. The results provide support for our theory's predictions.
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1. Introduction

The level of economic activity varies considerably across cities. This
motivates the study of the agglomeration forces that give rise to concen-
tration. The composition of economic activity also varies considerably
across cities. This is evident from Forbes ranking “America's smartest cit-
ies” and the use of place names like Wall Street and Silicon Valley as
shorthand for industries. Who lives in more productive cities and
what they do there should inform our understanding of how
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agglomeration economies work. But most theories of cities, to the ex-
tent that they consider the spatial distributions of skills and sectors,
are dichotomous in nature: individuals are either skilled or unskilled
and cities either perform one function or all functions. These low-
dimensional accounts are not well suited to interpret data exhibiting
much richer variation.

What governs the distributions of skills and sectors across cities?
Who lives where and what do they do there? These are challenging
questions. In this paper, we develop an analytic approach we term the
comparative advantage of cities. Our aim is to provide the simplest the-
oretical framework capable of providing unified answers to these ques-
tions and then to take our model's predictions to the data. We introduce
amodel of many cities, many skills, and many sectors, and we show that
it fits the cross-section of US cities well.

In our spatial-equilibrium model, the comparative advantage of cit-
ies is jointly governed by the comparative advantage of individuals
and their locational choices. Cities are symmetric ex ante, so cross-city
heterogeneity is an emergent outcome. Agglomeration economies
make cities with larger, more skilled populations exhibit higher total
factor productivity (TFP). Locations within cities exhibit heterogeneity
in their innate desirability, as is customary in land-use models (Fujita
and Thisse, 2002, Ch 3). These cities are populated by heterogeneous
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individuals with a continuum of skill types, and these individuals may
be employed in a continuum of sectors. Comparative advantage causes
more skilled individuals to work in more skill-intensive sectors, as in
Ricardo-Roy models (Costinot and Vogel, 2015). While those models
of international trade assume exogenous endowments, we study the
comparative advantage of cities in an environment in which cities' fac-
tor supplies are endogenously determined by the choices of mobile in-
dividuals. There is a complementarity between individual income and
locational attractiveness, so more skilled individuals are more willing
to pay for more attractive locations and occupy these locations in equi-
librium, as in the differential-rents model of Sattinger (1979).

In equilibrium, agglomeration, individuals' comparative advantage,
and locational heterogeneity within cities combine to deliver a rich set
of novel predictions. Agglomeration causes larger cities to have higher
TFP, which makes a given location within a larger city more attractive
than a location otherwise of the same innate desirability within a
smaller city. For example, the best location within a larger city is more
attractive than the best location within a smaller city due to the differ-
ence in TFP. Since more skilled individuals occupy more attractive loca-
tions, larger cities are skill-abundant. The most skilled individuals in the
population live only in the largest city and more skilled individuals are
relatively more prevalent in larger cities. By individuals' comparative
advantage, the most skill-intensive sectors are located exclusively in
the largest cities and larger cities specialize in the production of skill-
intensive output. Our model therefore predicts an urban hierarchy of
skills and sectors. Under slightly stronger assumptions, larger cities
will be absolutely larger in all sectors.

As we discuss in Section 2, prior theories describing cities' sectoral
composition have overwhelmingly focused on the polar cases in
which cities are either completely specialized “industry towns” or all
produce the same composite output. The former is starkly at odds
with the data, while the latter makes no substantive prediction. Our the-
ory predicts that cities are incompletely specialized across sectors due to
incomplete skill sorting: the trade-off between city-level TFP differences
and within-city locational desirability differences can make individuals
of a given skill level indifferent between locations in different cities. At
the same time, our model relates the pattern of specialization to cities'
observable characteristics. It makes strong, testable predictions about
the distributions of skills and sectors across cities.

We examine the model's predictions about the distribution of skills
and sectors across US cities using data from the 2000 Census of Popula-
tion, County Business Patterns, and Occupational Employment Statistics
described in Section 4. We use two empirical approaches to characterize
cities' skill and sectoral distributions. The first regresses a city's log sec-
toral employment on its log total population. More skilled groups and
more skill-intensive sectors should exhibit higher population elastici-
ties. The second examines whether the distributions exhibit the mono-
tone likelihood ratio property, as per Costinot (2009), by comparing a
pair of skills or sectors across a pair of cities.! For example, comparing
two cities and two sectors, the skill-intensive sector should have rela-
tively larger employment in the larger city. To characterize sectoral
size, we simply compare sectors' employment levels across cities.

Section 5 reports the results, which provide support for our model's
predictions about the pattern of skills and sectors across cities. Charac-
terizing skills in terms of three or nine educational groups, we find
that larger cities are skill-abundant. Characterizing sectors in terms of
19 industrial categories or 22 occupational categories, we find that
larger cities specialize in skill-intensive sectors. Our model's predictions
are generally borne out by the data and are statistically significant. If
deviations from our model's predictions are idiosyncratic rather than
systematic, the empirical success rate should increase with aggregation
over groups of cities. This is indeed the case. There is systematic

felo

1 The distribution (o) likelihood ratio dominates f..(0) if, for any o> o,

variation in cities' skill and sectoral distributions that is consistent
with the predictions of our theory.

Our account of the distributions of skills and sectors across cities has
implications for both research and policy. We find systematic sorting of
finely differentiated educational attainment levels across cities. This
means that researchers examining spatial variation in binary college/
non-college terms report outcomes that partly reflect cross-city compo-
sitional differences within these broad educational categories. Similarly,
we find that a city's sectoral composition is systematically related to its
population size. This means that research designs exploiting cross-city
variation in sectoral composition, a la Bartik (1991), that do not control
for population size are relying upon size-driven variation, not just idio-
syncratic circumstances, for identification. Our model also has poten-
tially interesting implications for welfare. For example, our model of
spatial sorting across locations means that biased technical change has
asymmetric welfare consequences. In our setting, skill-biased technical
change raises attractive locations' rental prices without increasing less
attractive locations' prices, while unskilled-biased technical change
raises rental prices everywhere. Finally, due to the most skilled individ-
uals residing only in the largest cities, the range of skills and thus the
range of welfare is greater in larger cities. These differences likely
shape local policymakers' challenges and choices.

In sum, we develop a theory of the distributions of skills and sectors
across cities of different sizes and show that it fits the US data well. The
model combines elements of urban land-use theory and assignment
models of comparative advantage. These are a natural foundation for a
theory of a system of cities because locational heterogeneity within
and across cities leads the distribution of skills to exhibit the monotone
likelihood ratio property. This arises not by assumption but instead as
an emergent property of the equilibrium that brings in its wake similar
implications for the distribution of sectors. This high-dimensional the-
ory provides a basis for what is, relative to the prior literature, a richer
empirical examination of the distributions of skills, occupations, and in-
dustries across cities of different sizes.

2. Related literature

Our contributions are related to a diverse body of prior work. Our
focus on high-dimensional labor heterogeneity is related to recent de-
velopments in labor and urban economics. Our theoretical approach in-
tegrates elements from the systems-of-cities literature, land-use theory,
and international trade. Our model yields estimating equations and
pairwise inequalities describing the comparative advantage of cities
that are related to prior reduced-form empirical work in urban econom-
ics, despite a contrast in theoretical underpinnings.

Our theory describes a continuum of heterogeneous individuals. A
large share of systems-of-cities theories describe a homogeneous popu-
lation (Abdel-Rahman and Anas, 2004). Most previous examinations of
heterogeneous labor have only described two skill levels, typically la-
beled skilled and unskilled.? Understanding the distribution of skills
across cities with more than two homogeneous types is valuable for a
number of reasons. First, a prominent literature in labor economics
has emphasized the need to move beyond models with just two homo-
geneous skill groups if we want to understand important empirical
developments such as wage polarization, job polarization, and simulta-
neous changes in between- and within-group inequality (Acemoglu
and Autor, 2011). Second, using only two skill groups is problematic
for understanding spatial variation in relative prices and quantities.

2 Along line of empirical work describes cross-city variation in the share of residents
who have a college degree (Glaeser, 2008). Most closely related to our work is Hendricks
(2011), who finds a weak relationship between cities' industries and college shares. We
focus on theories in which labor is heterogeneous in an asymmetric sense (e.g., more
skilled individuals have absolute advantage in tasks or more skilled individuals generate
greater human-capital spillovers). There are also models describing matching problems,
such as Helsley and Strange (1990) and Duranton and Puga (2001), in which labor is het-
erogeneous in a horizontal dimension.
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The relative price of skill varies across cities, as documented by Baum-
Snow and Pavan (2013) and Davis and Dingel (2019), and this is
inconsistent with standard spatial-equilibrium models with two homo-
geneous skill types and homothetic preferences.? The relative quantity
of skill varies across cities, but whether this cross-city variation predicts
city growth depends on how the researcher partitions educational at-
tainment into two skill groups.*

To overcome the difficulties of interpreting the world through a two-
skill model, we assume a continuum of skills, like the spatial models in
Behrens et al. (2014) and Davis and Dingel (2019). Relative to those pa-
pers, we introduce multiple tradable sectors so that we can analyze the
pattern of sectoral specialization, and we introduce intra-city geo-
graphic heterogeneity that causes cities' skill distributions to overlap
rather than exhibit strict sorting.

Our model integrates systems-of-cities theory with land-use theory.
The canonical model of land rents is one in which locations within a city
have heterogeneous innate desirability (Fujita and Thisse, 2002, Ch 3).
Prior models of a system of cities have only incorporated urban struc-
ture as a city-level congestion mechanism, assuming that in equilibrium
individuals are indifferent across all locations within a city (Abdel-
Rahman and Anas, 2004; Behrens et al., 2014). Our model describes
multiple cities with internal geographies when individuals' valuations
of locations within cities differ systematically by income. The essential
idea is that individuals choosing between living in Chicago or Des
Moines simultaneously consider in what parts of Chicago and what
parts of Des Moines they might locate.

Considering both dimensions simultaneously is more realistic in
both the description of the economic problem and the resulting pre-
dicted cross-city skill distributions. Large cities like Chicago contain
very heterogeneous neighborhoods, and within cities higher-income in-
dividuals tend to choose more attractive, more expensive locations. The
complementarity of skills and city size alone would lead to perfect
sorting across cities by skill if there were indifference within cities.
Adding the dimension that agents sort by the innate desirability of loca-
tions within cities means that individuals of a given skill level are found
in many cities in equilibrium. This is more realistic than generating such
overlap by simply perturbing perfect sorting with idiosyncratic noise,
since that approach would yield no relationship between individuals'
incomes and their housing prices.

In our theory, we assume heterogeneity in the innate desirabil-
ity of locations within each city without imposing a particular
geography. We assume two restrictions on the relevant heterog-
eneity. First, the distribution of innate locational desirability within
each potential city is ex ante identical, consistent with our aim of
characterizing an emergent equilibrium. Second, for our key theo-
retical results, this distribution must exhibit a regularity condition
introduced in subsection 3.4. Thus, we follow the long tradition of
treating the distribution of the innate desirability of locations as
exogenous, without assuming a functional form. We show that
our model makes predictions about the distribution of land prices
consistent with available evidence while being sufficiently flexible
to accommodate a number of potential spatial configurations.
While we think heterogeneous valuations of distinct locations
within cities is an important subject in its own right, it also in-
volves considerable complications, as made clear by Duranton
and Puga (2015), so in the present paper we limit our inquiry in
this dimension.

Our model belongs to a long theoretical tradition describing factor-
supply-driven comparative advantage, as in the two-good-two-factor

3 Reconciling this fact with a two-skill model would require a departure from
homotheticity such that more skilled people find large cities less attractive than the less
skilled. This is at odds with results on both income-specific price indices (Handbury,
2012) and endogenous amenities (Diamond, 2016).

4 Both Baum-Snow et al. (2017) and Diamond (2016) use two skill groups, but they re-
port contrasting results about cities' divergence in skills over time due to contrasting as-
signments of the “some college” population to “skilled” and “unskilled”, respectively.

Heckscher-Ohlin theory formalized by Samuelson (1948). In interna-
tional contexts, theorists have typically taken locations’ factor supplies
as exogenously endowed. Since individuals are mobile across cities,
our theory endogenizes cities' factor supplies while describing how
the composition of output is governed by comparative advantage. Our
approach to comparative advantage with a continuum of factors and a
continuum of sectors follows a large assignment literature and is most
closely related to Costinot (2009).> To obtain definite results about the
distribution of outputs across countries, Costinot (2009) assumes that
the exogenous distribution of factor endowments across countries sat-
isfies the monotone likelihood ratio property. Any economic mecha-
nism that might generate that pattern is beyond the scope of his
theory. By contrast, in the present paper the fact that the distribution
of skills across cities satisfies this property is a result rather than an as-
sumption. Similarly, while factor endowments, country size, and coun-
try productivity are independent in Costinot (2009), they are closely
linked in our model such that the distribution of endowments is tied
to an observable characteristic, city size. Thus, from a theoretical per-
spective, cities within a country constitute a natural setting to examine
these theories of comparative advantage. Moreover, the assumption of a
common production technology is likely more appropriate within than
between economies, and data from a single economy are likely more
consistent and comparable than data combined across countries.®

The Heckscher-Ohlin model has been the subject of extensive em-
pirical investigation in international economics. A pair of papers de-
scribe regional outputs using this framework. Davis and Weinstein
(1999) run regressions of regional outputs on regional endowments,
employing the framework of Leamer (1984), but they abstract from
the issue of labor mobility across regions. Bernstein and Weinstein
(2002) consider the two-way links between endowments and outputs,
concluding that if we know regions' outputs, we know with consider-
able precision the inputs used, but not vice versa. We move beyond
these papers in two important respects. First, cities' factor supplies are
a feature to be explained. Second, our model leads us to explore a di-
mension of the data not even contemplated in the prior work, namely
that the endogenously determined size of the city is itself systematically
related to skill and sectoral structure.

Our theory predicts systematic variation in sectoral composition in
the form of an urban hierarchy of sectors. Prior systems-of-cities theo-
ries have overwhelmingly described sectoral composition in polarized
terms (Abdel-Rahman and Anas, 2004).” One class of models develops
explicitly multi-sector economies in which each city specializes in a sin-
gle traded good due to external economies of scale that are sector-
specific.® In a complementary class of models, cities produce a single
composite output, which may be interpreted as perfect diversification

5 Sattinger (1993) and Costinot and Vogel (2015) survey the assignment literature.
While it might seem that cities abundant in skilled labor must employ those factors in
skill-intensive sectors, factor market clearing alone does not imply such a result. There is
considerable distance between factor supplies and production outcomes in a high-
dimensional environment, and mild assumptions tend to deliver weak results, as
established by Jones and Scheinkman (1977) and Ethier (1984). Indeed, Costinot (2009)
focuses precisely on establishing conditions sufficient to tightly link factor supplies to pro-
duction outcomes.

6 In our spatial-equilibrium setting, we make assumptions such that the sectoral assign-
ment function is common across cities, as explained in our discussions of Lemma 5 and
Proposition 1.

7 An exception is central place theory, and our model relates to that theory's results in
interesting ways. Our model's equilibrium exhibits a hierarchy of cities and sectors, as
larger cities produce a superset of the goods produced in smaller cities. Models in central
place theory, dating from Christaller (1933) through Hsu et al. (2014), have attributed this
hierarchy property to the interaction of industry-specific scale economies and geographic
market access based on the distance between firms located in distinct city centers. Our
model yields the hierarchy property in the absence of both. Our theory links the hierarchy
of sectors to a hierarchy of skills shaped by the internal geography of cities, neither of
which has been considered in central place theory.

8 Though Henderson (1974) characterizes the case of single-industry specialized cities,
he suggests that “cities will probably specialize in bundles of goods, where, within each
bundle, the goods are closely linked in production.”
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without specifying sectors' relative sizes. Neither complete specializa-
tion nor perfect diversification provides a propitious starting point for
empirical investigations.

The small empirical literature describing variation in cities' sectoral
composition is therefore only loosely informed by theory. For example,
Holmes and Stevens (2004) survey the spatial distribution of economic
activities in North America. They show that agriculture, mining, and
manufacturing are disproportionately in smaller cities, while finance,
insurance, real estate, professional, and management activities are dis-
proportionately in larger cities. However, they do not reference a
model or theoretical mechanism that predicts this pattern to be an equi-
librium outcome. Similarly, Henderson (1983, 1991) reports regressions
of employment shares on population sizes. These are motivated by the-
ories of specialization linked to city size, but the regression specifica-
tions don't follow directly from those models. Our theory provides an
explicit and distinct microfoundation for these regressions for an arbi-
trary number of sectors. Moreover, it predicts that the estimated popu-
lation elasticities will be ordered by skill intensity.

A recent exception to the polarized view of sectoral specialization is
Helsley and Strange (2014), who examine whether the equilibrium
level of coagglomeration is efficient. Our papers have quite distinct ob-
jectives. While Helsley and Strange (2014) make minimal assumptions
in order to demonstrate that Nash equilibria are generically inefficient
when there are interindustry spillovers, we make strong assumptions
that yield testable implications about the distribution of sectoral activity
across cities. This account of cities' sectoral composition may inform a
broader body of empirical work using sectoral composition as a source
of identifying variation.”?

In addition to sectoral composition, our theory describes sectoral
size. Theories of localization and urbanization economies have contrast-
ing predictions for cities' absolute employment levels.!° In the canonical
model of pure localization in Henderson (1974), specialized cities of dif-
ferent sizes host different sectors, yielding “ textile cities” and “ steel
cities”. Sectoral specialization is the very basis for the city-size distribu-
tion, and one wouldn't expect large cities to be larger in all sectors. By
contrast, urbanization models with a composite output make no predic-
tion about spatial variation in sectoral composition. Our paper both in-
troduces a multi-sector urbanization model in which larger cities are
relatively larger in skill-intensive sectors and identifies conditions
under which larger cities are absolutely larger in all sectors.

Arecent empirical literature has demonstrated significant agglomer-
ation and coagglomeration of industries relative to the null hypothesis
of locations being (uniformly) randomly assigned in proportion to
local population (Ellison and Glaeser, 1997; Duranton and Overman,
2005; Ellison et al., 2010). Our model's predictions are consistent with
these findings. Since our theory says that sectors are ranked in terms
of their relative employment levels, at most one sector could exhibit
employment proportionate to total population. All other sectors will ex-
hibit geographic concentration. Similarly, since sectors more similar in
skill intensity will exhibit more similar relative employment levels,
the cross-city distribution of sectoral employment will be consistent
with skill-related coagglomeration. Prior studies have interpreted the
agglomeration and coagglomeration of industries as evidence of
within-industry and industry-pair-specific interactions or spillovers. In

9 A number of papers in urban economics posit theoretical models with no sectoral spe-
cialization, in which all locations produce a homogeneous good, yet empirically estimate
the model parameters exploiting cross-city variation in industrial structure (Diamond,
2016; Notowidigdo, 2013; Yagan, 2014). Our multi-sector model links sectoral composi-
tion to city size and skill composition. We hope this framework may help interpret such
variation and accompanying identifying assumptions.

10 The literature traditionally distinguishes two types of external economies of scale
(Henderson, 1987, p.929). Localization economies are within-industry, reflecting the scale
of activity in that industry in that location. Urbanization economies are general, reflecting
the scale of all economic activity in a location. Beyond scale, Lucas (1988) has stressed the
composition of a location's human capital. The agglomeration process generating city-
level productivities in our theory incorporates both scale and composition effects.

our framework, significant measured agglomeration and coagglomer-
ation will arise even absent these forces.

In sum, we know of no prior spatial-equilibrium theory that
makes the predictions yielded by our model. Guided by our theoret-
ical framework, our empirical investigation documents a cross-city
pattern of skills-driven comparative advantage not revealed by
prior empirical work.

3. Model

We develop a general-equilibrium model that makes predictions
about the distributions of skills and sectors across cities of different
sizes. The theory has few moving parts. Individuals vary in skill levels,
and skills govern comparative advantage across sectors. Cities are iden-
tical ex ante, but agglomeration forces produce asymmetric cities of dif-
ferent sizes that differ in their equilibrium composition of skills and
sectors of varying skill intensity.

Individuals freely choose their production sector, a city, and a loca-
tion within that city. The sector that a person of a given skill type
chooses to work in depends on goods prices but is independent of loca-
tional choices. The pattern of locational choices reflects the fact that a lo-
cation can be more attractive if it is in a city with higher TFP or in a more
desirable location within a given city. Facing this tradeoff, individuals
are indifferent to the relative contributions of these two margins to a
scalar index of attractiveness. In equilibrium, all locations of a given at-
tractiveness are occupied by individuals of the same skill level, who are
all employed in the same sector. There is thus an isomorphism between
the distribution of locational attractiveness across cities and the distri-
butions of skills and sectors across cities. Since equally attractive
locations can be found in multiple cities, cities' skill and sectoral distri-
butions exhibit overlap rather than strict sorting.

We develop two propositions. Proposition 1 has three key elements.
The first identifies a regularity condition under which the distribution of
locational attractiveness across cities is log supermodular. The second
shows that this regularity condition implies that skills and sectoral em-
ployment are also log supermodular. The third says the same for sec-
toral outputs and revenues. In simple terms, Proposition 1 says that
larger cities will be skill abundant and specialize in skill-intensive sec-
tors. Proposition 2 addresses variation in the absolute (not only relative)
size of skills and sectors across cities. It provides a (stronger) regularity
condition sufficient for all skills and all sectors to be absolutely larger in
larger cities. These two propositions provide the foundation for our em-
pirical work in Section 5.

3.1. Preferences, production, and places

A measure L of heterogeneous individuals choose a city, a location
within that city, and a sector in which to produce. There are discrete
city sites, a continuum of skills, and a continuum of sectors. As in
Davis and Dingel (2019), our model features symmetric fundamentals,
but skill-biased agglomeration generates cities of heterogeneous sizes.

Individuals consume a freely traded final good. This final good is the
numeraire and produced by combining a continuum of freely traded,
labor-produced intermediate goods indexed by o€ =[0,0]. These
have prices p(0) that are independent of city ¢ because trade costs are
zero. Locations are characterized by their city c and their (inverse) innate
desirabilityT€7 = [0, «), so they have rental prices r(c, 7). In the main text,
desirability stems from productivity benefits, while Appendix A.2 covers
the case in which a location's desirability stems from its amenity value.!!

" These productivity and amenity interpretations of desirability differ slightly in func-
tional form but yield the same predictions for the quantities that we examine empirically.
For expositional clarity, we employ the productivity interpretation in the main text. As
discussed further below, the canonical model of a monocentric city with commuting costs
is a special case of our very general framework. In the amenity interpretation, higher-
income individuals are more willing to pay for better amenities. Future work should seek
to empirically identify which features within cities govern locational desirability.
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Final-goods producers have a CES production function
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Q=4[ Bo©) " oy (1)
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where Q(0) 2 0 is the quantity of intermediate good ¢, € > 0 is the elas-
ticity of substitution between intermediates, and B(0) > 0 is an exoge-
nous technological parameter. The profits of final-goods producers are
given by

Mn=Q—/ p()Qo)do. @)

OEY

Heterogeneous individuals use their labor to produce intermediate
goods. There is a measure of L > 0 heterogeneous individuals with skills
o that have the cumulative distribution function F(®) and density f(®)
>0 on support Q = [w, ®]. The productivity of an individual of skill ® in
sector o who chooses location 7 in city c is

q(c,7,0;0) = A()T(T)H(w, 0). (3)

A(c) 2 0 denotes city-level total factor productivity, which results
from agglomeration and is taken as given by individuals. T(7) > 0 re-
flects the productivity effects of location within the city. We assume
that T(7) is continuously differentiable and decreasing, so that
higher-7 locations are less desirable. We assume that the twice-
differentiable function H(w, o) > 0 is strictly log-supermodular in @
and o and strictly increasing in @.!? The former governs comparative
advantage, so that higher- individuals are relatively more produc-
tive in higher-o sectors.!® The latter says that absolute advantage is
indexed by o, so that higher-o individuals are more productive
than lower-o individuals in all sectors. Each individual inelastically
supplies one unit of labor, so her income is her productivity times
the price of the output produced, q(c,7,0; ®)p(0).

Locations within each city are heterogeneous, with the innate de-
sirability of a location indexed by 7> 0. The most desirable location is
denoted T = 0, and higher values of 7 denote less desirable places.'*
The supply of locations with innate desirability of at least 7 is S(7).
This is a strictly increasing function, since the supply of available lo-
cations increases as one lowers one's minimum standard of innate
desirability. S(0) = 0, since there are no locations better than the
ideal. We assume S(7) is twice continuously differentiable. Locations
are owned by absentee landlords who spend their rental income on
the final good.'” The city has sufficient land capacity that everyone
can reside in the city and the least desirable locations are unoccu-
pied. We normalize the reservation value of unoccupied locations
to zero, so r(c,7) 2 0.

Individuals choose their city c, location 7, and sector o to maxi-
mize utility. An individual's utility depends on their consumption

2 In R?, a function H(®,0) is strictly log-supermodular if ® > @', 0> 0’ =H(o, 0)
H(w',0") > H(®,0")H(', 0).

3 We refer to higher-o individuals as more skilled and higher-o sectors as more skill-
intensive.

4 For example, in the canonical monocentric-city model in which everyone works in the
central business district and commuting to the center costs time, T describes the residen-
tial location's physical distance from the center, T(7) is labor time net of commuting, and
the supply of locations is S(7) = n72. In our model, T captures a wide variety of exogenous
amenities that vary across locations within a city, but that provide a common distribution
of the innate desirability of locations across cities. While the main text takes the supply of
heterogeneous locations S(7) as exogenously given, Appendix A.4 endogenizes it.

15 Models in the systems-of-cities literature typically treat the distribution of rents as a
secondary issue, dispensed with in a variety of ways. Sometimes they allow for absentee
landlords; sometimes they distribute the land rents on a per capita basis to local residents;
sometimes it is assumed that all agents have a proportional share in an economy-wide
mutual fund in land. See, for example, Henderson (1987), Helpman (1998), Rossi-
Hansberg et al. (2010), or Diamond (2016). For simplicity we assume that rents accrue
to landlords who live outside the cities of interest and spend it on the numeraire final
good.

of the numeraire final good, which is their income after paying
their locational cost:

U(c,7,0;0) = A(c)T(T)H(w,0)p(0)—r(c, T). (4)

Denote the endogenous quantity of individuals of skill @ residing in
city c at location 7 and working in sector o by L x flw,c,T,0).

City-level TFP, A(c), reflects agglomeration gains derived from both
population size and composition. Note that city sites are ex ante identi-
cal: city-level TFPs differ in equilibrium due to individuals' locational
choices. A(c) is higher when a city contains a larger and more skilled
population. Denote the endogenous quantity of individuals of skill @ re-
siding in city cby L x f(®,¢) =L x [,es [1erf(@,c, T, 0)d7do. Total fac-
tor productivity is

a0 =i(Lf _j@fo.ado). (5)

where J(+) is a positive, strictly increasing function and j() is a positive,
non-decreasing function. Numerous agglomeration processes may gen-
erate such productivity benefits, and we do not attempt to distinguish
between them here.

3.2. Equilibrium

In a competitive equilibrium, individuals maximize utility, final-
good producers and landowners maximize profits, and markets clear.
Individuals maximize their utility by their choices of city, location, and
sector such that

f(o,c,7,0)>0={c,7,0}€ argmax U(c, 7, 0; ). (6)

Profit maximization by final-good producers yields demands for
intermediates

Q) -1(5) -’ @)

where 1= LY Jofwl-q(o,c,7,0)p(0)f(w,c,T,0)dTdwdo denotes total in-
come and these producers' profits are zero. Profit maximization by ab-
sentee landlords engaged in Bertrand competition causes unoccupied
locations to have rental prices of zero,

r(c,T) x <S/(T)_L./aez .weﬂf(wx, T, o)dwdo> =0 Vc VT. (8)

Market clearing requires the endogenous quantity of individuals
of skill ® residing in city c¢ at location 7 and working in sector
0, L x flo, c,T,0), to be such that the supply of a location type is greater
than or equal to its demand, the demand and supply of intermediate
goods are equal, and every individual is located somewhere. Denoting
the set of city sites by C:

S/(T)zL/ f(o,c,7,0)dodew V¢ VT 9)
J 0eQJ o€ex

Qo) =3 Q(0.0)

ceC

:LZ/ / q(c.7,0;0)f(0,c,7,0)dodr Vo (10)
cec / weQJ TET

f(w):Zf(w,C):Z/UQ/_ETf(w,c,T.,O)deG Vo (11)

ceC ceC

A competitive equilibrium is a set of functions Q: 3 - R¥, f: 3 x C
xT x Q»RT, r: CxT—R*, and p : = - R™ such that conditions
(6) through (11) hold.
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3.3. A system of cities

Cities' populations are endogenously determined in spatial equilib-
rium. Two equilibrium arrangements are possible: either all cities are
identical in their TFPs and population sizes, or cities are heterogeneous.
The latter is the empirically relevant case. Our predictions about the dis-
tributions of skills and sectors across cities of different sizes apply to any
equilibrium in which cities are heterogeneous.'®

First, we solve for occupational assignments by exploiting the fact
that locational and sectoral arguments are separable in individuals' util-
ity functions. Given goods prices p(0), individuals' sectoral choices are
independent of their locational choices:

argmax A(c)T(T)H(w,0)p(0)—r(c,T) = argmax H(w, 0)p(0)

(o3 o

Define the assignment function M(®) = argmax, H(®,0)p(0) so
that we can define the income associated with each skill's optimal occu-
pational choice as G(w) = H(w,M(®))p(M(w)). By comparative advan-
tage, M(w) is increasing.!” By absolute advantage, more skilled
individuals earn higher nominal incomes and G(w) is a strictly increas-
ing function.'®

Second, we solve for locational assignments by introducing a notion
of locational attractiveness. Individuals value the product A(c)T(T),
which we dub attractiveness.

Definition 1. The attractiveness of a location in city c of (inverse) innate
desirability 7is y = A(c)T(7).

Note that individuals are indifferent to the relative contributions of
endogenous city-level TFP A(c) and a location's innate desirability
within the city T(7) to attractiveness.'® In equilibrium, two locations
of equal attractiveness must have the same price, so we can describe
the rental price of a location of attractiveness vy as r(y). Thus, individ-
uals' locational choices can be characterized in terms of attractiveness:

nyvan—¢dv)

In equilibrium, more skilled individuals occupy more attractive loca-
tions. More attractive locations have higher rental prices. Since G() is
strictly increasing, locational attractiveness complements individual
skill. Since more skilled individuals are more willing to pay for more at-
tractive locations, equilibrium locational assignments feature positive
matching between skill @ and attractiveness .

We have considered a location's attractiveness without regard to
which city that location belongs. If the entire population lived in a single
city, then desirability 7 would be a sufficient statistic for attractiveness
7. In that case, equilibrium locational assignments and prices can be
characterized as in standard land-use models (Fujita and Thisse, 2002,
Ch 3), as we show in Appendix A.1. For a system of cities, we first

16 In fact, for a special case in which TFP A(c) depends on population size alone with con-
stant elasticity cand locational supply V(z), defined below, exhibits a constant elasticity of

-« . . Lo . . s
= it can be shown that any collection of city sizes summing to L is indeed an equilib-

rium of the model.

17 Lemma 1 of Costinot and Vogel (2010) shows that M(w) is continuous and strictly in-
creasing in equilibrium, given equation (7). It is worth noting here, as well, the role played
by our assumption of zero trade costs. If trade between cities were costly, prices and sec-
toral assignments would be city-specific, hence p(o,c) and M(w,c). We follow a vast
factor-price-equalization literature in assuming no trade costs. To the extent that trade be-
tween cities is less costly than trade between countries, this is a weaker assumption than
in the international trade literature, e.g. in Costinot and Vogel (2010). Intercity trade costs
are one reason the data might reject our model's predictions making those predictions
non-obvious.

18 Absolute advantage across all sectors is not necessary to insure income rises with skill.
The weaker condition that productivity is increasing in skill at the equilibrium assign-

ments, %H(w, M(w))>0, would be sufficient.

19 This is why our model generates incomplete sorting across cities. Individuals of a given
skill type will be indifferent between equally attractive locations that are in different cities.

characterize locational assignments and prices in terms of attractive-
ness y using similar tools. We then translate these assignments and
prices into functions of ¢ and 7 to characterize the system of cities.

Within each city, more desirable (low 7) locations are more
attractive. Competition among landlords ensures that the most
desirable locations are those occupied, so the least desirable occupied
site T(c) = sup,{7: f(w,c,7,0)>0} in a city of population L(c) is
defined by L(c) = S(7(c)). Denote each city's set of occupied locations
by 7 (c)=[0,7(c)]. Less desirable locations have lower rental prices,
and the least desirable occupied site has a rental price of zero.

Lemma 1 (Populated locations). In equilibrium, S(T) =L [§ [ses [wen
flo,c,x,0)dododx YTET (c), r(c,T) is strictly decreasing in T V7<7(c),
and r(c,7(c)) = 0.

These results suffice to allow us to make some cross-city compari-
sons prior to solving for locational assignments and prices.

In equilibrium, cities with higher TFP have larger populations. Con-
sider two cities, ¢ and ¢’, that differ in productivity, with A(c) > A(c’).
If c were less populous than ¢, then its least desirable occupied location
would be more desirable, T(c) <7(c'), since the supply of locations, S(7),
is increasing (and common across cities). Since A(c) > A(c’), this would
make the least attractive occupied location in city c more attractive than
the least attractive occupied location in city ¢/, A(c)T(7(c))>A(c)T(T(c')).
By lemma 1, each of these locations has a rental price of zero. Every in-
dividual would strictly prefer the more attractive location at the same
price, so no one would choose to live in ¢’ at7(c’), contradicting the def-
inition of 7(c’) as an occupied location. So the city with higher TFP must
have a larger population.

A smaller city's locations are a subset of those in a larger city in terms
of attractiveness. For every location in the less populous city, there is a
location in the more populous city that is equally attractive. The location
in city ¢’ of innate desirability 7’ is equivalent to a location 7 in city c,
given by A(c)T(7) = A(c’)T(7). The equally attractive location in the
larger city has higher TFP but lower innate desirability. The more popu-
lous city also has locations that are strictly more attractive than the best
location in the less populous city; there are locations of attractiveness
v € (A(c’)T(0),A(c)T(0)] found in ¢ and not in c’.

Across and within cities, more skilled individuals occupy
more attractive locations. Without loss of generality, order and label
positive-population cities from 1 to C so that A(C) > A(C — 1) > ...
>A(2) 2 A(1). Denote the set of attractiveness levels occupied in equilib-
riumbyT = [y, 7], wherey =A(C)T(7(C)) andy = A(C)T(0). Individuals of
higher skill have greater willingness to pay for more attractive locations,
so in equilibrium higher-w individuals occupy higher-y locations.

Lemma 2 (Locational assignments). In equilibrium, there exists a
continuous and strictly increasing locational assignment function
K:T — Qsuch that (i) flow,c,,M(®)) >0 < A(c)T(7) = yand K(y) = o,
and (ii) K(y) = 0 and K(y) = @.

To obtain an explicit expression for K : I — (), we can denote the sup-
ply of locations across all cities combined with attractiveness 7y or
greater as Sr(7). The supply function is

so=_ 50 (we))

c:A(c)T(0

By definition Sr(y) =0 and by the fact that the best locations
are populated Sp(7y) = L. Lemmas 1 and 2 imply that Sr(y) = L j;y fK(x))

KWMme:F%t%@)

These locational assignments yield an expression for equilibrium lo-
cational prices, which are increasing in attractiveness and given by the
upper envelope of individuals' bid-rent schedules.
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Lemma 3 (Locational prices). In equilibrium, the rent schedule rr(7y)
is increasing and continuously differentiable on ['y,y] and given by rr(7y) =

J7G(K (x))dx.

This determination of locational assignments and prices within the
system of cities in terms of attractiveness is analogous to determining
these locational assignments and prices for a single autarkic city with
a supply of locations that is the sum of locations across the system of cit-
ies. Next, we translate these assignments and prices stated in terms of
attractiveness to locations within each city.

3.4. The distributions of skills and sectors across cities

We can now characterize the distributions of rents, skills, and sec-
toral employment in a system of cities. We first show how the distribu-
tion of locations across cities governs the distributions of skills and
sectoral employment across cities through the locational and sectoral
assignment functions. We then identify a sufficient condition under
which these distributions are log-supermodular. Finally, we identify
conditions under which larger cities will have larger populations of all
skill types and employ more people in all sectors.

Since attractiveness is the product of city-level TFP and innate de-
sirability, a city's supply of locations of a given attractiveness de-
pends on both its endogenous TFP and the exogenous supply of
locations of particular desirability. The supply of locations with at-
tractiveness y in city c is

s(y,¢) s%{S(ﬂc))—S(T* C%))} if y<A(Q)T(0)

RIEAW (12)
A(C)v< A(C)> if y<A(0)T(0)
0

)

otherwise

where V(z) = —%S(T’1 (2)) is the supply of locations with innate de-

sirability T~!(z). V(z) is a composite fundamental that depends only
on the exogenous functions T(7) and S(7). For example, if each city
were a disc, S(1) = n72, and desirability reflected linear costs of com-
muting to the center, T(7) = d; — doT, this supply of locations within
2n

d;
pends only on its attractiveness, so the rental price of a location
with innate desirability 7 in city c is r(c,7) = rr(A(c)T(7)).

The distribution of skills follows from s(vy,c) and locational assign-
ments K: I'— Q.

cities would be V(z) = —(d; —z). The rental price of a location de-

Lemma 4 (A city's skill distribution). The population of individuals of
skill @ in city c is

L flo.0) = { K~ (@)s(K ™ (@),c) fAQT0)2K (@)
0 otherwise

Thus, the relative population of individuals of skill  in two cities de-
pends on the relative supply of locations of attractiveness K~ (). Since
higher-w individuals occupy more attractive locations and the most at-
tractive locations are found exclusively in the larger city, there is an in-
terval of high-w individuals who reside exclusively in the larger city.
Individuals of abilities below this interval are found in both cities, and
fle.0)
flo,c)
of locations of attractiveness K~ !(w).

The distribution of sectoral employment follows from s(+y,c), loca-
tional assignments K : T — (2, and sectoral assignments M : () — 3. As

their relative quantity is proportionate to the relative supply

established in subsection 3.3, the sectoral assignment function M(w) is
common across ¢ and 7 because locations' productivity advantages are
Hicks-neutral. Thus, the employment distribution (o, c) closely follows
the skill distribution f(®,c).

Lemma 5 (A city's sectoral employment distribution). The population
of individuals employed in sector o in city c is

Lx f(o.c) = {M*"(o)l(”’(M*‘(o))s(lrl (M"(o)),c) ifA(c)T(O)zK"(M"((I))
’ 0 otherwise

As a result, two cities' relative employment levels in sector o depend
on their relative supplies of locations with attractiveness K~'(M~(0)).

We now identify the condition under which the distributions
of rents, skills, and sectoral employment across cities are log-
supermodular functions. When the distribution of locational attractive-
ness is log-supermodular, so are the distributions of skills and sectoral
employment. The first result follows from more skilled individuals occu-
pying more attractive locations in equilibrium. The second result fol-
lows from the fact that sectoral assignments are common across
locations, so that sectoral composition is governed by skill composition.

Since the distribution of locations in terms of innate desirability 7 is
common across cities, cross-city differences in the distributions of loca-
tional attractiveness ‘y reflect differences in cities' TFPs. Eq. (12) demon-
strates a hierarchy of locational attractiveness, since the most attractive
locations are found exclusively in the highest-TFP city. Among levels of
attractiveness that are supplied in multiple cities, eq. (12) shows that
cities' TFPs shape the supply schedule s(vy,c) through both a scaling

effect <L> and a dilation of V<l) Comparisons of relative sup-

A(0) A(0)
plies (s(y,c)s(y',c) is(y’, €)s(7y,c’)) depend only on the dilation.

Our main result, Proposition 1, states a sufficient condition for the
ordering of city TFPs to govern the ordering of locational supplies in
any equilibrium. In turn, these govern the distributions of skills and sec-
toral employment across cities in any equilibrium.

Proposition 1 (Cross-city distributions of attractiveness, skills, and
sectors).

(a) The supply of locations of attractiveness vy in city c, s(y,c), is log-
supermodular if the supply of locations with innate desirability
T~'(z) within each city, given by V(z), has a decreasing elasticity.

(b) If V(z) has a decreasing elasticity, then f(w,c) and f(o,c) are log-
supermodular.

(c) If V(z) has a decreasing elasticity, then sectoral output Q(o,c) and
revenue R(o,c) = p(0)Q(0,c) are log-supermodular.

Proposition 1a links our assumption about each city's exogenous dis-
tribution of locations, V(z), to endogenous equilibrium locational char-
acteristics, s(y,c). The proof is in Appendix B.2° Heuristically, note that
a higher-TFP city is relatively abundant in more attractive locations

when the elasticity 6151%1(13;6) is larger in the higher-TFP city. Eq. (12)
implies that the y-elasticity of s(7y,c) is the elasticity of V(z) at z = 1%

When this elasticity is higher at lower values of z, an ordering of cities'
TFPs (and thus cities' sizes) is an ordering of these elasticities, and
thus an ordering of relative supplies at equilibrium. A number of
conceivable V(z) schedules satisfy this decreasing-elasticity condition.?!
For example, in the canonical monocentric-city model mentioned

20 Lemma 8 in Appendix B also shows that the sufficient condition is necessary for s(,c)
to be log-supermodular for all possible values of A(c).

21 For example, if each city's supply of locations with innate desirability T~'(z) is the ex-
ponential, Weibull, gamma, or log-normal distribution, V(z) exhibits this decreasing-
elasticity property. See Appendix A.3 for details.
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earlier,V(z) = Z—Z(dl —z) has an elasticity of _dli—z' which is decreasing
2
inz

Anillustrative boundary case is when V(z) is constant.?? Per eq. (12),
there is a hierarchy of locational attractiveness in which the most attrac-
tive locations are found only in the largest cities, independent of V(z).
For attractiveness levels that are attained in both cities, there is no dif-
5(7.0)
s(Y.0)
constant when both s(vy,c) and s(y’,c) are non-zero. Thus, s(y,c) is
weakly log-supermodular everywhere and strictly log-supermodular
for the highest values of vy. For the more general result, the decreas-
ing-elasticity condition in Proposition 1 ensures that intensive-margin
variation in relative supplies aligns with the extensive margin of loca-
tional attractiveness.

The distributions of skills and sectoral employment across cities in
Proposition 1b follow the distribution of locational attractiveness. The
skill distribution follows immediately through the locational assign-
ment function (lemma 4) and the employment distribution follows
in turn through the sectoral assignment function (lemma 5). Note
that these lemmas show that the most skilled individuals working in
the most skill-intensive sectors are found only in the most populous
cities. The skills and sectors found in a smaller city are a strict subset
of those found in a larger city. This hierarchy of skills across cities at
the top of the skill distribution does not depend on the shape of V
(z).Since K: T - Q and M : Q — ¥ are strictly increasing functions,
flo,c) and f(o,c) are log-supermodular if and only if s(y,c) is log-
supermodular. Thus, Proposition 1 links the log-supermodularity of
these distributions over the full range of skills and sectors to the prop-
erties of V(z). By eq. (5), a city that is larger and more skilled has
higher TFP. In Section 3.3, we established that cities with higher TFP
have larger populations. Proposition 1b completes the circle by show-
ing that if one city has higher TFP than another, then its population is
more skilled. TFP differences driven by population size and skill com-
position are self-sustaining.

Given our assumptions about technologies and spatial equilib-
rium, the fact that larger cities are skill-abundant and more skilled
individuals work in more skill-intensive sectors implies that larger
cities produce relatively more in skill-intensive sectors. This pattern
of specialization is closely related to the high-dimensional model of
endowment-driven comparative advantage introduced by Costinot
(2009), but in our setting cities' populations and skill composition
are endogenously determined and there is within-city heterogeneity
in productivity.?®> The distribution of output follows the distribution
of skills because in spatial equilibrium individuals employed in the
same sector occupy locations of the same productivity.>* Thus, a
city's sectoral output is proportionate to its sectoral employment.
Since that output is freely traded, a city's sectoral revenue is also

isa

ference in relative supplies when V(z) is constant, because

22 For example, a linear city S(7) = 27 with linear commuting costs T(7) = d; — d,T
makes V(z) a constant.

23 In particular, our Proposition 1c result that Q(o,c) is log-supermodular is similar to
Theorem 2 in Costinot (2009), but the economic environment and relevant assumptions
differ. Assumption 2 in Costinot (2009)’s factor-endowment model is that countries' exog-
enous endowments are such that countries can be ranked according to the monotone like-
lihood ratio property. Our Proposition 1 identifies a sufficient condition for cities
equilibrium skill distributions to exhibit this property. Definition 4 of Costinot (2009) re-
quires that factor productivity vary across countries (cities) in a Hicks-neutral fashion.
Since productivity A(c)T(7) varies both across and within cities, our production function
q(c,7,0;) does not satisfy this requirement for arbitrary locational assignments.

24 In the productivity interpretation of T(7), equilibrium productivity q(c,7,0;0) = K~
(w)H(w,0) does not vary across w-occupied locations. In the amenity interpretation of T
() described in Appendix A.2, occupied locations' productivities q(c,7,0;0) = A(c)H
(,0) differ across cities in a Hicks-neutral fashion.

proportionate to its sectoral employment. We therefore obtain part
¢ of Proposition 1, which completes our characterization of the pat-
tern of comparative advantage across cities.>®

When does the more productive city have a larger population of
every skill type? By lemma 4, whenever it has a larger supply of
every attractiveness level, s(y,c) 2s(7y,c’) V . This is trivially true for
v > A(c¢’)T(0). What about attractiveness levels found in both cities?
Proposition 2 identifies a sufficient condition under which a larger city
has a larger supply of locations of a given attractiveness. Its proof ap-
pears in Appendix B. Applying this result to the least-attractive locations
yields a sufficient condition for larger cities to have larger populations of
all skill types and therefore employ more people in every sector.

Proposition 2 (City size and absolute size of local skills and sectors).
Forany A(c) > A(c"), if V(z) has a decreasing elasticity that is less than — 1 at
i

z=4 o then s(y,c) 2 s(7,c"). If V(z) has a decreasing elasticity that is less
K@) v NP )
than —latz= A AQ then A(c) > A(c’) implies flw,c) > flo,c’)

and f(M(w),c) 2 fiM(w),c") Yo € Q.

Our two propositions characterize the distribution of skills and sec-
tors across cities. If V(z) has a decreasing elasticity, then larger cities
are more skill-abundant and specialize in skill-intensive activities. If
the elasticity is sufficiently negative, then larger cities are larger in
terms of all skill and sectors. We now turn to the data to see how well
these predictions describe US metropolitan areas.

4. Data description and empirical approach

Our model describes distributions within and across cities. While we
have employed an abstract idea of within-city heterogeneity in loca-
tional desirability, Proposition 1 makes concrete predictions about the
distributions of skills and sectors across cities.? We examine the predic-
tions of part b of Proposition 1 using two approaches. The first involves
regression estimates of the population elasticities of educational, occu-
pational, and industrial populations. The second involves pairwise com-
parisons governed by the monotone likelihood ratio property.

These tests require data on cities' skill distributions, sectors' skill in-
tensities, and cities' sectoral employment. We use public-use microdata
from the US Census of Population to identify the first two. The latter is
described by data from County Business Patterns and Occupational Em-
ployment Statistics. The Census of Population describes individuals’
educational attainments, geographic locations, places of birth, occupa-
tions, and industries. County Business Patterns describes cities' indus-
trial employment. Occupational Employment Statistics describes cities'
occupational employment. We combine these various data at the level
of (consolidated) metropolitan statistical areas (MSAs); see Appendix
C for details.

25 Atraditional definition of comparative advantage refers to locations' autarkic prices. In
our setting, autarky means prohibiting both trade of intermediate goods and migration be-
tween cities. Since individuals are spatially mobile, cities do not have “factor endow-
ments”, and we must specify the autarkic skill distributions. If we consider an autarkic
equilibrium with the skill distributions from the system-of-cities equilibrium, then larger
cities have lower relative autarkic prices for higher-o goods because they are skill-
abundant, as shown by Costinot and Vogel (2010, p. 782).

%6 proposition 1 also makes predictions about other economic outcomes, such as sectoral
outputs (part ¢) and rental prices (implied by part a). We examine occupational employment
levels, which are readily available, since occupational output is not typically observed. The
available evidence on urban costs, which shows that the maximum, mean, and range of unim-
proved land prices are greater in larger cities (Combes et al., 2012), is all consistent with our
model's predictions. We are not aware of a representative sample of (unimproved) land
prices to examine stochastic or likelihood-ratio dominance in rental prices across cities. Inves-
tigating the hedonic determinants of locational desirability, which our theoretical model has
abstractly treated as potentially production benefits or consumption amenities, is a first-order
question about the internal structure of cities that is quite beyond the scope of this paper.
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Subsections 4.1 through 4.3 describe the observable measures of
skills, sectors, and skill intensities that we employ in the two empirical
approaches defined in subsection 4.4.

4.1. Skills

Following a large literature, we use observed educational attainment
as a proxy for individuals' skills. Educational attainment is a coarse mea-
sure, but it is the best measure available in data describing many people
across detailed geographic locations.?’” We do not assume that individ-
uals with the same educational attainment are equally skilled. We map
the continuum of skills in our theory to the discrete set of educational
levels observed in the data by assuming that the distribution of skills is
increasing with educational attainment, such that the distribution of ed-
ucational attainment across cities is log-supermodular if f{®,c) is log-
supermodular.?® To describe cities' skill distributions, we aggregate
individual-level microdata to the level of metropolitan statistical areas.
A large literature in urban economics describes variation in terms
of two skill groups, typically college and non-college workers.
Following Acemoglu and Autor (2011), we use a minimum of three
skill groups. The 2000 Census of Population microdata identify 16 levels
of educational attainment, from “no schooling completed” to “doctoral
degree”. We define three skill groups of approximately equal size
among the working population: high-school degree or less; some col-
lege or associate's degree; and bachelor's degree or more. In a more am-
bitious approach, we also consider nine skill groups, ranging from
individuals who never reached high school (4% of the population) to
those with doctoral degrees (1%). Table 1 shows the population shares
and percentage US-born for each of these skill groups in 2000.°
Foreign-born individuals are disproportionately in the tails of the edu-
cational distribution.

4.2. Sectors

In our model, workers produce freely traded sectoral outputs
indexed by o that are used to produce the final good. In the interna-
tional trade literature, it is common to interpret sectors in models of
comparative advantage as industries. Recent work in both interna-
tional and labor economics has emphasized a perspective focused
on workers completing tasks, which empirical work has frequently
operationalized as occupations (Grossman and Rossi-Hansberg,
2008; Acemoglu and Autor, 2011). We will implement empirical
tests using each. We define sectors to be the 19 private-sector indus-
tries in the two-digit stratum of the North American Industry Classi-
fication System (NAICS) or the 22 occupational categories in the
two-digit stratum of the Standard Occupational Classification
(s0C).2°

We measure industrial employment in a metropolitan area
using data from the 2000 County Business Patterns, which counts
paid employees in almost all non-farm, non-government estab-
lishments. We measure occupational employment in a metropoli-
tan area using estimates from the 2000 BLS Occupational
Employment Statistics, which cover full-time and part-time
employees in all non-farm establishments. See Appendix C for
details.

27 In Appendix E.4, we infer skills from nominal wages and obtain similar results to those
using educational attainment.

28 Costinot and Vogel (2010, 774) show that log-supermodularity of factor supplies in an
observed characteristic and unobserved skill w is sufficient for mapping a theory with a
continuum of skills to data with discrete observed characteristics.

29 This table describes labor-force participants 25 and older. See Appendix E for similar
results using other inclusion criteria.

30 per Costinot and Vogel (2010, 773-774), for mapping a continuum of sectors to
coarse categories in the data, it is sufficient that more skill-intensive tasks are relatively
more prevalent in sectors employing more educated workers. Our industry results are
not driven by our choice of NAICS aggregation: we find similar empirical patterns when
using three-digit industry definitions rather than two-digit definitions.

4.3. Skill intensities

Our theory makes the strong assumption that H(w,0) is strictly
log-supermodular so that sectors are ordered with respect to their
skill intensities. In our empirical work, we infer sectors' skill inten-
sities from the data using the observable characteristics of the
workers employed in them. We use microdata from the 2000 Cen-
sus of Population, which contains information about workers' edu-
cational attainments, industries, and occupations. We use the
average years of schooling of workers employed in a sector as a
measure of its skill intensity.>! In doing so, we control for spatial
differences by regressing years of schooling on both sectoral and
city fixed effects, but we have found that omitting the city fixed
effects has little effect on the estimated skill intensities. Table 2
reports the five least skill-intensive and five most skill-intensive
sectors among both the 19 industrial categories and the 22 occupa-
tional categories. There is considerably greater variation in average
years of schooling across occupational categories than across
industries.>?

4.4. Empirical tests

Proposition 1b says that the distribution of skills across cities,
f(o,c), and the distribution of sectoral employment across cities,
f(o,c), are log-supermodular functions. Log-supermodularity has
many implications; we focus on two that are amenable to empiri-
cal testing. If the function f(v,c) is log-supermodular, then

1. alinear regression Inf(v,c) = oy, + B, In L(c) + &, c in which o, are
fixed effects and L(c) is city population yields 3, > 3, = v>1";

2. ifcand C' are distinct sets and C s greater thanC’ ( infcecL(c)> Supq¢e
L(c")) and n¢ (n, ) is the number of elements in C (C'),

1 1 1
— Inf(v,c) +— Inf(v',c) > — Inf(v',c
nedy MO+ Inf.e) 2 55 Infr.c)
4+ > Inf(v,c) visv.
nC’c’EC’

The first implication, which we will refer to as the “elasticity
test,” says that the city-population elasticity of the population of
a skill type in a city f(o,c) is increasing in skill .2 Similarly, the
population elasticity of sectoral employment f(o,c) is increasing
in skill intensity o. Our theory thus provides a structure to inter-
pret previous work describing the population elasticities of sectoral
employment, such as Henderson (1983) and Holmes and Stevens
(2004).2* Standard econometric tests are available to assess
whether our estimated population elasticities exhibit the property
that v > v = B, 2 B,

31 Autor and Dorn (2013) rank occupations by their skill level according to their mean
log wage. Our assumption of absolute advantage is consistent with such an approach.
Using average log wages as our measure of skill intensity yields empirical success rates
comparable to and slightly higher on average than those reported in Section 5. We use
years of schooling rather than wages as our measure of sectoral skill intensities since nom-
inal wages may also reflect compensating differentials or local amenities.

32 The standard deviations of average years of schooling across occupational and indus-
trial categories are 2.3 and 1.2, respectively.

33 The linear regression may understood as a first-order Taylor approximation:

0 Inf(v.c)
Inf(v,c) = Inf(v,c*) +—5-—+—->  (InL(c)— InL(c")) + &€ = o + B, InL(c) + &,
0 InL(0) - ' ¢
where 3, = m is increasing in v by log-supermodularity of f(v,c).
0 InL(c) .

34 Henderson (1983) regresses employment shares on population levels, but reports
“percent A share / percent A population”, which is equal to 3, — 1 in our notation. Simi-
larly, [46] describe how location quotients, a city's share of industry employment divided
by its share of total employment, vary with city size. In our notation, a location quotient is
100, L@/ Zef(@.0)

Lo/l , so the L(c)-elasticity of LQ(0;¢) is B — 1.
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Table 1
Skill groups by educational attainment.
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Skill (3 groups) Population share Share US-born

Skill (9 groups) Population share Share US-born

High school or less 0.37 0.78
Some college 0.31 0.89
Bachelor's or more 0.32 0.85

Less than high school 0.04 0.29
High school dropout 0.08 0.73
High school graduate 0.25 0.88
College dropout 0.23 0.89
Associate's degree 0.08 0.87
Bachelor's degree 0.20 0.86
Master's degree 0.08 0.84
Professional degree 0.03 0.81
Doctorate 0.01 0.72

Nortes: Sample is individuals 25 and older in the labor force residing in 270 metropolitan areas. Data source: 2000 Census of Population microdata via IPUMS-USA.

Table 2
Sectoral skill intensities.

SocC Occupational category Skill intensity NAICS Industry Skill intensity
45 Farming, fishing & forestry 9.2 11 Forestry, fishing, hunting & agriculture support 10.9
37 Cleaning & maintenance 10.9 72 Accommodation & food services 11.8
35 Food preparation & serving related 115 23 Construction 119
47 Construction & extraction 115 56 Admin, support, waste mgt, remediation 12.2
51 Production 11.5 48 Transportation & warehousing 12.6
29 Healthcare practitioners & technical 15.6 52 Finance & insurance 14.1
21 Community & social services 15.8 51 Information 14.1
25 Education, training & library 16.3 55 Management of companies & enterprises 14.5
19 Life, physical & social science 171 54 Professional, scientific & technical services 153
23 Legal occupations 17.3 61 Educational services 15.6

Nores: Skill intensity is average years of schooling for individuals 25 and older after removing metropolitan-area fixed effects. Data source: 2000 Census of Population microdata via IPUMS-

USA.

The second implication, which we will refer to as the “pairwise
comparisons test”, says that if cities are divided into bins ordered
by population sizes, then in any pairwise comparison of two bins
and two skills/sectors, the bin containing more populous cities
will have relatively more of the more skilled type. Our theory
therefore implies thousands of pairwise comparisons for skills
and millions for sectors. Appendix D shows that, in the presence
of additive random errors to Inf(v,c), the likelihood of a successful
pairwise comparison increases with the difference in population
size, the difference in skill (intensity), and the number of cities
assigned to each bin. To summarize this test, we report the fraction
of pairwise inequalities matching the predicted sign, weighted
by the product of the two cities' difference in log population
and two sectors' difference in skill intensity.>> When comparing
narrow educational categories, we also weight by the product of
the educational categories' population shares.?® To assess the
statistical significance of the fraction of these pairwise comparisons
that yield the expected inequality, we compute the proba-
bility of obtaining the observed success rate under the null
hypothesis that skills and sectors are uniformly distributed across
cities.?’

These two empirical tests are not independent, since they are both
implied by log-supermodularity. Appendix D describes how they are

35 We report unweighted success rates in Appendix E. An unweighted statistic assigns
equal weight to correctly predicting that Chicago (population 9 million) is relatively more
skilled than Des Moines (456 thousand) and correctly predicting that Des Moines is rela-
tively more skilled than Kalamazoo (453 thousand). Given the numerous idiosyncratic
features of the real world omitted from our parsimonious theory, the former comparison
is much more informative about the relevance of our theory than the latter. Stated differ-
ently, a failure to correctly order Chicago and Des Moines should be much more damning
for our theory than a failure to correctly order Des Moines and Kalamazoo. Weighting ac-
complishes this.

36 An unweighted average, reported in Appendix E, treats comparisons involving high
school graduates (25% of the workforce) and those involving PhDs (1%) equally, while
these differ in their economic import.

37 Appendix D provides details of a permutation test in which we shuffle our observa-
tions 1000 times to compute the distribution of success rates under the null. Power to re-
ject the null decreases as the number of bins decreases.

related. In short, success of one test implies success of the other, to
the extent that the first-order approximations of Inf(v,c) fit the data
well. We also implement a test for systematic deviations from log-
supermodularity proposed by Sattinger (1978).38

5. Empirical results

In this section, we test our predictions relating cities' sizes to their
distributions of skill, occupational employment, and industrial employ-
ment. First, we examine whether populations are log-supermodular in
educational attainment and city size. This prediction is a much stronger
characterization of cities' skill distributions than the well-known fact
that larger cities typically have a greater share of college graduates. Sec-
ond, we examine whether the pattern of sectoral employment is
strongly ordered by this pattern of skills. Our theory's predictions are
more realistic than those which say cities will be completely specialized
in an industry or produce in fixed proportions across all industries, as
implicit in models with a single output. They are also more specific
than theories allowing arbitrary patterns of interindustry spillovers. Fi-
nally, we examine whether larger cities are larger in all skill and sectoral
categories or whether, as might be suggested by theories of industrial
localization, different skills and sectors attain their maximal presence
at different points in the city-size distribution.

The data are broadly consistent with our predictions. Larger cities are
more skilled than smaller cities when comparing narrowly defined educa-
tional categories, although in the lowest educational category, interna-
tional migrants play an important role that is omitted from our model.
More skill-intensive sectors are relatively larger in more populous cities:
sectoral population elasticities rise with skill intensity, and pairwise com-
parisons yield statistically significant results in the direction predicted by
our theory. We show that there are not systematic violations of our

38 These cross-sectional results should be thought of as examining a long-run equilib-
rium. Such a focus is valuable as well if one wants to think about comparative statics for
long-run outcomes. Of course, if one wants to think explicitly about transitional dynamics,
one would need to augment our model with adjustment frictions appropriate to the shock
contemplated.
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Table 3
Population elasticities of three skill groups.

Table 4
Pairwise comparisons of three skill groups.

Dependent variable: Inf(®,c) (1) (2) Population Share Bins Total comparisons Success rate Success rate
All US-born  share US-born All US-born
Be1 High school or less x log 0.954 0.895 037 0.78 270 108,945 0.67 0.69
population (0.00) (0.00)
(0.0108) (0.0153) 90 12,015 0.74 0.77
Bw2 Some college x log population 0.996 0.969 0.31 0.89 (0.00) (0.00)
(0.0105) (0.0122) 30 1305 0.82 0.86
Bews Bachelor's or more x log 1.086 1.057 0.32 0.85 (0.00) (0.00)
population 10 135 0.89 0.91
(0.0153) (0.0162) (0.00) (0.00)
Nortes: Standard errors, clustered by MSA, in parentheses. Sample is individuals 25 and > 30 E)(,)ggo) ?(')930)
older in the labor force residing in 270 metropolitan areas. 3 9 1.00 1.00
) ) ] ) (0.00) (0.00)
predicted pattern of comparative advantage. Consistent with our model, 2 3 1.00 1.00
thereisastrong tendency forlarger cities to be larger in all skills and sectors. (0.17) (0.17)

5.1. Larger cities are relatively more skilled

This subsection tests our prediction that larger cities have relatively
more skilled populations. We empirically describe skill abundance using
the two tests described in subsection 4.4. We first do these exercises
using three skill groups defined by educational attainment levels and
then repeat them using nine very disaggregated skill groups. In Appen-
dix E.4, we infer skills from nominal wages and obtain similar results.

5.1.1. Three skill groups

The elasticity test applied to the three skill groups across 270 metro-
politan areas is reported in Table 3. The results match our theory's pre-
diction that larger cities will have relatively more people from higher
skill groups. The population elasticities are monotonically increasing
in educational attainment and the elasticities differ significantly from
each other.>® In anticipation of issues related to international immigra-
tion that arise when we examine nine skill groups, the second column of
the table reports the population elasticities of US-born individuals for
these three educational categories. The estimated elasticities are slightly
lower, since foreign-born individuals are more concentrated in larger
cities, but the differences between the elasticities are very similar.
Larger cities' populations are more skilled, on average.

The pairwise comparison test examines ordered groups of cities to
see if the relative population of the more skilled is greater in larger cit-
ies. Following subsection 4.4, implementing this test involves defining
bins of cities. Ordering cities by population, we partition the 270 metro-
politan areas in our data into 2, 3, 5, 10, 30, 90, and 270 bins of cities.
Making pairwise comparisons between three skill groups and as many
as 270 metropolitan areas involves computing up to 108,945 inequ-
alities.?® Note that prior work typically describes a contrast between
large and small cities for skilled and unskilled, whereas our most aggre-
gated comparison is between large and small cities for three skill groups.

Table 4 reports the success rates for these pairwise comparisons for
both the population as a whole and those individuals born in the United
States. When making pairwise comparisons across all 270 metropolitan
areas, the success rates are 67 and 69%, respectively, and highly statisti-
cally significant. As we decrease the number of bins (increase the num-
ber of cities per bin), the success rates increase, consistent with binning
reducing the influence of idiosyncratic errors. When using five bins or
fewer, these success rates exceed 97%.4! These results are all statistically

39 Younger cohorts have higher average educational attainment. The results in Tables 3
and 5 are robust to estimating the elasticities for educational groups within 10-year age
cohorts. Thus, our results are not due to the young being both more educated and more
likely to live in large cities.

40 With n city bins and m skill groups, we make

ple, w — 108,945,

41" Our comparisons of two or five bins of cities are analogous to the empirical exercises
presented in Eeckhout et al. (2014) and Bacolod et al. (2009).

nn—1)m(m—1)

5 > comparisons. For exam-

Nortes: P-values for uniform null hypothesis in parentheses. Sample is individuals 25 and
older in the labor force residing in 270 metropolitan areas. Outcomes weighted by log-
population differences.

Table 5
Population elasticities of nine skill groups.

Dependent variable: Inf(w,c) (1) (2) Population  Share
All US-born share US-born
Be1 Less than high school x log 1.089 0.858 0.04 0.29
population
(0.0314) (0.0239)
B2 High school dropout x log 1.005 0.933 0.08 0.73
population
(0.0152) (0.0181)
Bews High school graduate x log 0.925 0.890 0.25 0.88
population
(0.0132) (0.0163)
Bewa College dropout x log 0.997 0.971 0.23 0.89
population
(0.0111) (0.0128)
Bews Associate's degree x log 0.997 0.965 0.08 0.87
population
(0.0146) (0.0157)
Bws Bachelor's degree x log 1.087 1.059 0.20 0.86
population
(0.0149) (0.0164)
Bw7 Master's degree x log population 1.095 1.063 0.08 0.84
(0.0179) (0.0181)
Bews Professional degree x log 1.113 1.082 0.03 0.81
population

(0.0168) (0.0178)
Bewo PhD X log population 1.069 1.021 0.01 0.72
(0.0321) (0.0303)

Nortes: Standard errors, clustered by MSA, in parentheses. Sample is individuals 25 and
older in the labor force residing in 270 metropolitan areas.

significant at the 1% level, except for the 2-bin case that involves only
three comparisons, severely reducing the test's power.*?

Both our empirical tests show a clear central tendency in the data
across three skill groups. More skilled individuals are relatively more
prevalent in more populous cities. Moreover, these patterns are difficult
to reconcile with a “skilled-unskilled” dichotomy. Individuals with
“some college” are distinct from both those with high school or less ed-
ucation and those with a bachelor's or higher education.

42 Under a uniform null hypothesis, the probability that three tossed coins all turn up
heads is 1/8, so the minimum possible p-value is 0.125. Similarly, our 1000 simulations
of the three comparisons under the null yield three correct comparisons in 17.8% of simu-
lations, bounding the p-value.
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5.1.2. Nine skill groups

We next examine our tests for the case with nine skill groups. Per
Lemma4, our predictions about the top of the skill distribution are stronger
inthe sense that the skills found in a larger city are a superset of those found
inasmaller city, independent of the shape of the locational supply function
V(z). The results of the elasticity test are presented in Table 5. The more ed-
ucated skill groups generally have higher population elasticities, as would
be expected from the three-skill-group results. This pattern is very clear
for high school graduates through professional degree holders, an interval
thataccounts for 87% of the US population. The extreme tails of the distribu-
tion, however, do not conform to the prediction of our model.

The population elasticity of PhDs is somewhat below that of other
college-educated categories. This is problematic for all theories in
which skill-biased agglomeration should cause the most skilled to con-
centrate in larger cities. On the other hand, only 1% of US workers pos-
sess a doctoral degree, so their spatial distribution has limited impact
on sectoral employment patterns and aggregate outcomes. The lower-
than-expected population elasticity reflects the cross-city distribution
of institutions of higher education. The 27% of PhDs whose occupation
is “postsecondary teacher” exhibit a population elasticity of 1.01,
while the remainder of PhDs exhibit a population elasticity of 1.14.
Thus, outside of higher education, which may be poorly described by a
competitive model with agglomeration economies, the distribution of
PhDs across cities is well predicted by our theory.*®

Those with less than a high-school education, who account for 12%
of the working population, exhibit higher-than-expected population
elasticities. Within the context of our model, this could be attributed
to the locational supply function V(z) failing to exhibit a decreasing elas-
ticity, causing s(y,c) to not be log-supermodular everywhere. As noted
previously, while our predictions about the top of the skill distribution
are independent of the shape of V(z), our predictions about lower skills
depend on V(z) exhibiting a decreasing elasticity. Other assumptions
about this function can deliver non-monotonic population elasticities.
For example, it is possible to make assumptions on V(z) such that pop-
ulation elasticities decrease with skill among the least-skilled segment
of the population and increase with skill among the most-skilled seg-
ment of the population.**

Looking outside our model's mechanics, foreign-born individuals are
more concentrated in larger cities, regardless of their educational attain-
ment. The high population elasticity of the least-educated group is attrib-
utable to 71% of those with less than a high school education being
immigrants. The second column of Table 5 shows that if we restrict atten-
tion to US-born individuals, this population elasticity drops from 1.089 to
0.858, below that of all other skill groups.*> An alternative to restricting
attention to US-born individuals is to estimate the population elasticities
using data from 1980, when immigrants were a much smaller share of
the US population. In 1980 data, the least skilled group has the lowest
population elasticity, and the difference between the 1980 and 2000
population elasticities is almost entirely attributable to the rising
share of the foreign-born in this least-skilled population. We discuss
mechanisms - mechanisms omitted from our model - that may

43 About two-thirds of faculty in higher education are employed by public institutions,
which are not profit-maximizing and for practical and political reasons are likely to be pro-
portionate to local population. Furthermore, universities are conventionally land-
intensive enterprises.

4 In particular, suppose that V(z) had an increasing elasticity at low values of zand a de-
AINV@) oo e ang 0NV (@)
0 Inz 0 Inz
then be shown that s(y,c) would be log-submodular for y < A(1)z* and log-

supermodular for y > A(C)z *. Hence, f(,c) would be log-submodular for @ < K(A(1)z %)
and log-supermodular for @ > K(A(C)z").

4 Interestingly, among US-born individuals, the nine estimated elasticities naturally
break into the three more aggregate educational attainment categories that we used:
By oy o, € (0.85,0.94); o, o, € (096.098); Buy o, Buy fu, € (102,1.09).

<0ifz>z" Itcan

creasing elasticity at high values of z,

Table 6
Pairwise comparisons of nine skill groups.

Bins Total comparisons Success rate Success rate
All US-born

270 1,307,340 0.61 0.64
(0.00) (0.00)

90 144,180 0.66 0.71
(0.00) (0.00)

30 15,660 0.72 0.77
(0.00) (0.00)

10 1620 0.74 0.81
(0.00) (0.00)

5 360 0.76 0.85
(0.00) (0.00)

3 108 0.75 0.88
(0.02) (0.00)

2 36 0.75 0.90
(0.08) (0.01)

Notes: P-values for uniform null hypothesis in parentheses. Sample is individuals 25 and
older in the labor force residing in 270 metropolitan areas. Outcomes weighted by product
of log-population differences and educational population shares.

cause immigrants of all skill levels to concentrate in larger cities in
Appendix E.1.16

We now turn to the pairwise comparisons for the case with nine
skill groups in 2000. These comparisons, presented in Table 6, check
the predicted inequalities for as many as 36,315 city pairs for each
pairing of the nine skill groups, separately for the population as a
whole and for those individuals born in the United States. These
comparisons ask a lot of the data, so we should not expect perfec-
tion. They predict, for example, that the number of associate's degree
divided by the number of college dropouts will be higher in Des
Moines than Kalamazoo, because the former's population is 3000 res-
idents larger. When making pairwise comparisons across all 270
metropolitan areas, the success rates are 61 and 64%, respectively,
and highly statistically significant. Aggregating raises the success
rates, consistent with binning reducing the influence of idiosyncratic
errors. When using five bins or fewer, these success rates exceed
75%. As suggested by the elasticity test, the success rate is higher
when restricting attention to US-born individuals. These results are
all statistically significant at the 1% level, except for the 2-bin case
with all individuals, which is significant at the 10% level.

Both our empirical tests demonstrate strong support for our
theory's predictions. In general, more educated individuals are rela-
tively more prevalent in larger cities. The nine-skill-group predictions
are far more detailed than prior descriptions of cities' skill distribu-
tions. The high population elasticity of those not reaching high school

46 The fact that the extreme tails of the skill distribution do not conform to our predic-
tions invites a comparison to Eeckhout et al. (2014). Eeckhout et al. (2014) introduce a
model in which larger cities' skill distributions have the same median skill but exhibit
thicker tails. In particular, their model predicts that skill types' population elasticities will
be U-shaped, with the median skill type exhibiting the lowest population elasticity. The
population elasticity of a skill type should increase with its distance from the median skill.
By symmetry, percentiles equally distant from the median should exhibit the same popu-
lation elasticity. For example, the 1st and 99th percentile skill types should exhibit the
(same) highest population elasticity. In their empirical work, Eeckhout et al. (2014) use
cost-of-living-adjusted wages to measure skill and identify thicker tails in larger cities at
the 10th and 90th percentiles. However, their predictions do not hold throughout the skill
distribution. Any partition of skills into three groups with equal-sized low and high groups
should yield U-shaped population elasticities. Table 2 rejects this prediction for a bench-
mark case of three groups of approximately equal size: the population elasticities of the
high-school-or-less and bachelors-or-more groups are not close to equal. Instead, popula-
tion elasticities are monotonically increasing in educational attainment, consistent with
our prediction. Looking at the nine-skill case in Table 3, we see that the median skill in
the United States is a college dropout, which has a considerably higher population elastic-
ity than high school graduates (0.997 vs. 0.925). This is at odds with the Eeckhout et al.
(2014) prediction. Moreover, Table 4 shows that the elasticities are monotonically increas-
ing for high school graduates through professional degrees, which jointly account for 87%
of the labor force. While the population elasticity of professional degrees is greater than
that for PhDs (1.113 vs. 1.069), neither their theory nor ours predicts this modest decline.
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does not match our model; however, these individuals are a small frac-
tion of the population and are overwhelmingly foreign-born. Interna-
tional immigrants are particularly attracted to large cities; we show
that these outliers are absent in 1980, when US-born individuals were
a much larger share of the least-skilled group. The outliers in 2000
dampen the success rate of the pairwise comparisons, but our model's
predictions are an apt description of the broad pattern and highly statis-
tically significant. Thus, our theory provides stronger and more detailed
predictions about skill patterns across cities than prior work and, on the
whole, the US data strongly support those predictions.

5.2. Larger cities specialize in skill-intensive sectors

This subsection examines the pattern of sectoral employment across
cities. In our theory, larger cities are relatively more skilled and the sec-
toral assignment function is common across cities, so larger cities em-
ploy relatively more labor in skill-intensive sectors. Section 5.1
established that larger cities are relatively more skilled, but it need not
be the case that larger cities specialize in skill-intensive sectors, since
our theory relied on a number of assumptions to obtain this result. We
now examine whether larger cities are relatively specialized in skill-
intensive sectors. Since employment levels in both industries and occu-
pations are readily available in the data, we test the employment impli-
cations of Proposition 1b.

5.2.1. The distribution of occupations across cities

We first implement the elasticities test and the pairwise compari-
sons test interpreting sectors as occupations.?” We begin with a visual-
ization of the elasticity results. Define the skill intensity of an occupation
as the average years of schooling of individuals employed in that occu-
pation. Fig. 1 plots the 22 occupational categories' estimated population
elasticities of employment against these occupational skill intensities.*®
Our theory says the population elasticity of occupational employment
should rise with skill intensity and indeed we see a clear positive
relationship.*® Outliers in the figure include close-to-unitary elasticities
for the relatively skilled occupations in education, healthcare, and social
services, which may reflect non-traded status. On the other side, com-
puter and mathematical occupations have an elasticity that is quite
high relative to their average years of schooling.

We can also look at this more formally. With the population elastic-
ities of occupations in hand, the hypothesis that 3, > 3, < 0> 0’ in-
volves 231 (=22 x 21/2) comparisons of the estimated coefficients.>°
This hypothesis is rejected at the 5% significance level in only 46 of the
231 such comparisons. The occupational elasticity results are broadly
consistent with our prediction that larger cities specialize in skill-
intensive activities.

The results for pairwise comparisons for occupations appear in
Table 7.°! Using 276 cities and 22 occupational categories to make
more than 8 million pairwise comparisons yields an average success
rate of 57%.> While far from perfect, our model's predictive power
over these millions of pairs of cities and occupations is highly

47 While there is a long line of literature looking at cities' industrial composition, occupa-
tional composition has been little studied. A notable exception is Duranton and Puga
(2005), who document that larger cities have more managers per production worker.
Our investigation extends their inquiry to many more occupational categories.

48 These elasticities are estimated without including zero-employment observations.
The results obtained when including those observations are similar.

49 Studies of international trade have characterized an analogous relationship by
regressing country-sectoral exports on country fixed effects, sectoral fixed effects,
and the interaction of measures of sectoral factor intensity and country factor
abundance (e.g., Romalis, 2004; Nunn, 2007). Estimating Inf(o,c) = a, + o +
B(skill(0) x In L(c)) + &4 in our setting yields a 3 coefficient of 0.030 with a stan-
dard error of 0.003.

50 The elasticity estimates appear in Appendix Table E.2.

51 With 276 metropolitan areas and bins that are factors of 270, the number of cities per
bin may differ by one.

52 These pairwise comparisons omit zero-employment observations. The results ob-
tained when including those observations are similar.

statistically significant. As we increase the number of cities per bin,
the success rate increases up to 75%, as idiosyncratic errors are averaged
out to reveal the central tendency of the data. These results are statisti-
cally significant across all levels of aggregation.

Thus, both the estimated population elasticities and pairwise compar-
isons reveal a broad and strong tendency for more populous metropolitan
areas to employ relatively more individuals in skill-intensive occupations.

5.2.2. The distribution of industries across cities

We again implement the elasticities test and the pairwise
comparisons test, now interpreting sectors as industries. Define the
skill intensity of an industry as the average years of education of those
employed in that industry. A visualization of the elasticity test appears
in Fig. 2.°% Again, as predicted by our theory, there is a clear positive re-
lationship so that the population elasticity of industrial employment is
rising with the skill intensity of the industry.>* Testing the hypothesis
that B, 2 By < o 2 o for the 19 industries involves 171 (=19
x 18/2) comparisons of these estimated elasticities.”> This hypothesis
is rejected in only 33 comparisons, so the elasticity implication holds
true for industries about 80% of the time.

The results for pairwise comparisons for industries appear in Table 8.
Making more than 6 million pairwise comparisons yields a statistically
significant success rate of 61%. Raising the number of cities per bin raises
the success rate monotonically and always at a high level of statistical
significance. The success rate rises to 77% when contrasting two bins
of large and small cities.

Thus, both the estimated population elasticities and pairwise com-
parisons reveal a precise and systematic pattern in which more popu-
lous metropolitan areas employ relatively more individuals in skill-
intensive industries.>® Prior work, including Henderson (1983) and
Holmes and Stevens (2004), estimated industries' population elastici-
ties, although without having a theoretical foundation for interpreting
them. Our theory provides a basis for such estimation and predicts the
ordering of the elasticities based on skill intensities. Other prior work,
namely Henderson (1997), contrasted industrial patterns among
large- and medium-size cities. Our theory implies such comparisons be-
tween two or many more groups defined by cities' sizes, and our results
show that there is precise and systematic empirical content even as we
look at these finer comparisons between (groups of) cities.

5.3. Testing for systematic failures of comparative advantage

Our results for the cross-city distributions of skills, industries, and
occupations demonstrate systematic patterns in line with our theory's
predictions. While demonstrating predictive power, the pairwise com-
parisons also fall well short of 100% success. This is not surprising,
given that our model's parsimony stems from making strong assump-
tions that omit various features that influence the real world.

An important question is whether our theory's unsuccessful
pairwise predictions are merely idiosyncratic deviations from the pat-
tern of comparative advantage or are systematic violations of our pre-
dicted pattern. The fact that our pairwise comparisons success rates
increase with the number of cities per bin is consistent with aggregation
over idiosyncratic errors, as shown in Appendix D. We also implement a
formal test for systematic violations of the predicted patterns.

Sattinger (1978) develops an approach to test for such systematic vi-
olations in the form of systematic intransitivity in the pattern of com-
parative advantage. It is possible for the data to exhibit, for ¢ > ¢’ > ¢/

53 As for occupations, these elasticities are estimated without including zero-
employment observations. The results obtained when including those observations are
similar.

54 A regression on the interaction of skill intensity and log population, as described in
footnote 49, yields a coefficient of 0.080 with a standard error of 0.008.

55 The elasticity estimates appear in Appendix Table E.3.

56 We have found broadly similar results when examining industries at a finer level of
disaggregation and when restricting attention to manufacturing industries.
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would come in one size, textile cities in another, and so on. Localization
theories militate against the idea that larger cities will be larger in all
sectors. Our theory, in its baseline form, does not require that larger cit-
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Fig. 1. Occupations’ population elasticities and skill intensities.
o,C o,c o'c o'c) .
and 0 > o' > 0", I - ) zf( n ,) and I ,, ,) zf( — ”) without
flo';e) = flo.c) flome) ~ flo"e")
- oc oc’ . .
exhibiting f(o9) > floc) . With hundreds of metropolitan areas

f(U/'C) = f((f”C”)
and dozens of sectors, it is easy to find three cities and three sectors in
the data exhibiting such intransitivity. But do intransitivities arise sys-
tematically? Sattinger (1978) shows that if Inf(o,¢) is a polynomial
function of 3, and InL(c), then there can be systematic intransitivity
only if Inf(0,c) is a function of higher-order interactions of 3, and InL
(c). We therefore added quadratic terms and their interactions to our
elasticity regressions. These did little to improve the regression's
adjusted R?, and F-tests yielded p-values that did not come close to
rejecting the null that these additional terms were uninformative.
There is no evidence of systematic intransitivity in comparative advan-
tage. While our theory's predictive successes are systematic, the empir-
ical departures from our theory appear to be idiosyncratic.

5.4. Larger cities are larger in all skills and sectors

As described in Section 2, different agglomeration theories have dif-
ferent implications for the relationship between city size and sectoral
employment levels. Localization theories make the trade-off between
industry-specific agglomeration economies and general congestion
costs the foundation of the city-size distribution. Formally, steel cities

Table 7
Pairwise comparisons of occupations.

Bins Total comparisons Success rate
276 8,073,382 0.57
(0.00)
90 925,155 0.62
(0.00)
30 100,485 0.63
(0.00)
10 10,395 0.65
(0.00)
5 2310 0.71
(0.00)
3 693 0.74
(0.00)
2 231 0.75
(0.03)

Notes: P-values for uniform null hypothesis in parentheses. Outcomes weighted by prod-
uct of log-population differences and skill-intensity differences.

ies are larger in all sectors. However, by focusing on urbanization econ-
omies, our theory allows that large cities may be the largest site of
economic activity for all sectors (Proposition 2). Our empirical exercise
in this sub-section asks what weight should be placed on the predictions
flowing from the localization and urbanization archetypes.

We have already shown that larger cities have relatively larger num-
bers of skilled workers. We now investigate whether larger cities also
tend to have larger populations of all skill types. They certainly do,
as all the population elasticities reported in Tables 3 and 5 are strongly
positive. Among the nine educational categories, the prediction that
c>c = flo,c) 2 flw,c’) is true in 88% of 326,835 cases. The largest met-
ropolitan area, New York, has the largest population in all educational
categories, except the least skilled “less than high school” category,
which is most populous in the second-largest metropolitan area, Los
Angeles. Among US-born individuals, New York has the largest popula-
tion in all nine educational categories.

Turning to sectors, larger cities tend to have larger sectoral employ-
ment in all activities. This tendency is clear from the population elastic-
ities plotted in Figs. 1 and 2, as they are all strongly positive. Among the
19 2-digit NAICS industries, the prediction that c> ¢’ = f(o,c) 2 f(o,¢’) is
true in 86% of 721,050 cases. Sixteen industries attain their maximal size
in the largest metropolitan area (New York). The three exceptions are
manufacturing (second-largest Los Angeles), mining (tenth-largest
Houston), and forestry, fishing, hunting, and agriculture support (thir-
teenth-largest Seattle). The analogous results for occupational catego-
ries show a similar tendency for larger cities to have higher
employment levels in all occupations. The c> ¢’ = f(0,¢) 2 f(0,¢’) predic-
tion holds true in 89% of occupational comparisons, and 19 of the
22 occupations attain their maximal size in the largest metropolitan
area, New York. The exceptions are production occupations (Los
Angeles), architecture and engineering occupations (fifth-largest San
Francisco), and farming, fishing, and forestry occupations (51st-largest
Fresno).

These findings are more consistent with urbanization economies
than localization mechanisms at the city level. While particular exam-
ples such as San Francisco's concentration of architecture and engineer-
ing occupations may be consistent with localization economies, the very
large majority of sectors exhibit larger employment levels in more pop-
ulous cities. Our theory, which parsimoniously assumes only
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Fig. 2. Industries’ population elasticities and skill intensities.

urbanization economies, matches the data on cities' sectoral composi-
tion and sectoral sizes quite well relative to existing models.

6. Discussion and conclusions

In this paper, we introduce a model that simultaneously character-
izes the distribution of skills and sectors across cities. We describe a
high-dimensional economic environment that is a system of cities in
which cities' internal geographies exhibit substantive heterogeneity
and individuals' comparative advantage governs the distribution of
sectoral employment. Our model achieves two aims. First, we obtain
“smooth” predictions, in the sense that cities' skill and sectoral distribu-
tions will be highly overlapping. These are more realistic than prior the-
ories describing cities that are perfectly sorted along skills or polarized in
terms of sectoral composition. Second, we obtain “strong” predictions, in
the sense that cities' skill and sectoral distributions will exhibit system-
atic variation according to the monotone likelihood ratio property. These
are much finer than the predictions of many prior theories of the spatial
organization of economy activity and guide our empirical investigation.

Examining data on US metropolitan areas' populations, occupations,
and industries in the year 2000 reveals systematic variation in the
cross-city distribution of skills and sectors that is consistent with our
theory. Larger cities are skill-abundant. Our results using three roughly

Table 8
Pairwise comparisons of industries.

Bins Total comparisons Success rate
276 6,469,758 0.61
(0.00)
90 684,855 0.64
(0.00)
30 74,385 0.66
(0.00)
10 7695 0.71
(0.00)
5 1710 0.74
(0.00)
3 513 0.74
(0.01)
2 171 0.77
(0.05)

Notes: P-values for uniform null hypothesis in parentheses. Outcomes weighted by prod-
uct of log-population differences and skill-intensity differences.

equal-sized categories of educational attainment are quite strong. Even
disaggregated to nine educational categories, the cross-city distribution
of skills is broadly consistent with our theory. Larger cities specialize rel-
atively in skill-intensive activities. More skill-intensive occupations and
industries tend to have higher population elasticities of employment,
and in pairwise comparisons, the more skill-intensive sector tends to
employ relatively more individuals in the larger city. Consistent with
our approach based on urbanization economies, larger cities tend to
have larger absolute employment in all sectors.

We believe that our framework is amenable to both theoretical
and empirical applications and extensions. The “strong” character
of our predictions and their demonstrated relevance for describing
US cities in 2000 suggest that their examination in other settings,
such as economies at different stages of development or in different
historical periods, would be interesting. The “smoothness” resulting
from the simultaneous consideration of cross- and within-city het-
erogeneity in a continuum-by-continuum environment would
make our model amenable to theoretical analyses of the conse-
quences of commuting costs, globalization, and skill-biased techni-
cal change. For example, skill-biased technological change has
consequences for both the wage distribution and the land-rent dis-
tribution in our model. Technological change, in the form of a change
from B(0) to B’(0), is skill-biased if B’(0”)B(0) 2 B’(0)B(0’) Vo' 20.
Such a shift increases both wage inequality and rent inequality, in
G(@),6@) s gy ang HY)5 1Y)
G(v) G(o) re(y) re(y)
models in which individuals are indifferent across all locations
within a city, the rent gradient is invariant to the wage distribution.
In our assignment model of differentiated locations, the composition
of income growth governs the consequences for less-skilled individ-
uals' housing costs.>®

In short, our theoretical approach provides a new perspective on the
comparative advantage of cities that aligns well with the patterns of
specialization documented in our empirical work.

the sense that vy 2v.57 In

57 Analogous to our result linking rent inequality to wage inequality, Clemens et al.
(2018) propose an assignment model in which greater income inequality among con-
sumers causes greater income inequality among their producers of vertically differenti-
ated services.

8 Couture et al. (2019) quantify such welfare implications of income growth by intro-
ducing idiosyncratic preferences shocks to a model of urban spatial sorting. In line with
our logic, they find that income growth at the top of the distribution raises low-income
households' rents much less than broad-based income growth.
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Appendix A. Theory

A.1. Autarkic equilibrium

Suppose the entire population lives in a single city, denoted c. It has an exogenous population L(c) and skill distribution F(). With fixed population,
autarky TFP is fixed by eq. (5).

Lemma 6 (Autarky locational assignments). In autarkic equilibrium, there exists a continuous and strictly decreasing locational assignment
function N : T (¢)=Q such that flw,c,7,M(®)) > 0 < N(T) = o, N(0) = ® and N(T(c)) = o.

This assignment function is obtained by equating supply and demand of locations:

S(T) = L/‘ / f(w, ¢, x,0)dwdodx
0 o€es) weQ

Given individuals' equilibrium locations within the city, the schedule of locational rental prices supporting these assignments comes from combining
individuals' utility-maximizing decisions and the boundary condition r(c, 7(c)) = 0.>°
Lemma 7 (Autarky locational prices). In autarkic equilibrium, r(c,7) is continuously differentiable on 7 > 0 and given by

rie,7) = —A(c) [TE T(t)G(N(t))dt for T<7(c).
The properties of interest in a competitive equilibrium are characterized by the assignment functions M : Q — ¥ and N : 7 (c)—{Q. In the autarkic equi-
librium of a single city with an exogenous population, more skilled individuals work in more skill-intensive sectors and occupy more desirable locations.

A.2. Amenity interpretation of desirability
The productivity and amenity interpretations of desirability yield very similar results but differ slightly in notation. In the amenity interpretation, an
individual's productivity and utility are

q(c,7,0;0) = A(C)H(w, 0) (A1)
U(c,7,0;0) = T(T)[A(c)H(w,0)p(0)—r1(c, T)] (A.2)

where amenity T(7) determines the value of the individual's disposable income after paying his or her locational price.° In this interpretation, pref-
erences are non-homothetic in a manner akin to that of Gabszewicz et al. (1981). Higher-income individuals are more willing to pay for higher-
amenity locations because a more desirable location complements their higher consumption of tradables.

In this case, instead of y = A(c)T(7) = A(c")T(7") < r(c,7) = r(c’,7") = rr(7y), the appropriate equivalence between two locations is their “amenity-
amplified price”, which is T(7)r(c, 7). So the equivalence statement is now y = A(c)T(7) = A(¢')T(7’") < T(7)r(c,7) = T(7')r(c’,7") = r(y). The results
in lemma 1 are unaltered, though the proof is modified to use the relevant U(c,T,0; ®). The expressions for K : T' — €1, , and 7y are unaltered. This
AOT(T) _ g oel)

leaves the conclusions of lemmas 2 and 3 intact. The locational price schedule is given by r(c, 7) = ) .
T(7) Y

These locational prices do not appear in the endogenous definition of A(c) nor the proofs of Lemma 4 and subsequent results. When evaluated at
equilibrium, occupied locations' productivities q(c,7,0; ) = A(c)H(w,0) differ across cities in a Hicks-neutral fashion. Thus, Proposition 1c holds
true. As a result, the predictions about cities' population, sectors, and productivities described in subsection 3.4 are unaltered by interpreting T(7)
as describing consumer amenity benefits rather than productivity benefits.

The wage distribution does differ between the productivity and amenity interpretations of desirability. In the productivity interpretation, productiv-
ity q(c,7,0; @) does not vary across w-occupied locations in equilibrium, as reported in footnote 24, and p(o) is common across locations, so individ-
uals of the same skill earn the same income everywhere. In the amenity interpretation, an individual's income p(0)q(c, 7,0; ®) is equal to A(¢)G(w), so
individuals of the same skill earn higher nominal incomes in larger cities in equilibrium.

A.3. Cities' internal geographies
A number of conceivable V(z) schedules satisfy the decreasing-elasticity condition of Proposition 1. We provide some examples here:
Monocentric-city model: For the monocentric city's disc geography, S(7) = mr2, with linear transportation costs, T(7) = d; — d.T, the supply of lo-

21
—(

cations within cities V(z) = —-(d; —z) has an elasticity of - which is decreasing in z.

d
2
Exponential family: The exponential family of distributions has PDFs that can be written in the (canonical) form V(z|1) = v1(z) exp (1) - v2(z) — v3
(1)), where 1 and v,(z) may be vectors. Thus, if V(z) is a member of the exponential family, we are interested in its elasticity

0 InV(z) 0 lnvy(z2)
dlnz  0lInz

+n- v InzV2 (Z)

59 Note that this boundary condition implies that in equilibrium every individual's final-good consumption is strictly positive, provided that H(w, o)>0.
60 Recall that the final good is the numeraire.
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» Exponential: v{(z) = 1 and v,(z) = z. Therefore 9 (';HIK.(ZZ) =1z and the elasticity is decreasing because 1) < 0 for the exponential distribution.
« Weibull: v;(z) = z“"'and v»(z) = z*. Therefore 9 E;HIZEZ) =k—1+ nld‘ and the elasticity is decreasing because 1) = ;—kl<0 in the standard expres-

sion of Weibull parameters.

nV(z)

e Gamma: v¢(z) = 1and v,(z) = [lnz,z].Thereforea l

Tz 1); + 1,z and the elasticity is decreasing because n, = — 3<0 in the standard expres-
sion of Gamma parameters.
11 2 0 InV(z) S . 1
 Log-normal: v (z) = oz and v,(z) = [Inz, (Inz)“]. Therefore = —1+m, + 21, Inzand the elasticity is decreasing becausen, = —2—<O
e

0 Inz

o2
in the standard expression of log-normal parameters.

A4. Endogenous supply of heterogeneous locations

In the main text, the supply of locations with innate desirability of at least 7 is S(7). This section relaxes the assumption of an inelastic supply schedule
and shows that our main results still hold.

Let the cost (in units of the numeraire good) of building s units at a location of (inverse) innate desirability 7 be C(s; 7). Profit-maximizing, perfectly
competitive landlords build additional units until rent equals marginal cost.

n(s;7,¢) = rr(A(0)T(T))s—C(s;T)
m'(s;7,c) = 0 = rr(A(Q)T(T)) = C(s;7)

B
LetC(s;7) = 5 where B>1and h(7) is a supply shifter. When h(7) is greater, the cost of building a given number of units at 7 is lower. Given this

- ph(ry

functional form, the supply of units in city c of attractiveness vy is

Ins(y,c) = [% Inrr(y) + [% In (h (T’] (}%)))

Thus, s(,c) is log-supermodular if and only if h(T~!(y/A(c))) is log-supermodular in (,A). Note thatY

A
Thus, this function is log-supermodular if and only if h(T~!(z)) has a decreasing elasticity by lemma 8.

Thus, with endogenous supplies of locations, the decreasing-elasticity sufficient condition of Proposition 1 applies to the schedule of exogenous sup-
ply shifters rather than the inelastic supply schedule. A sufficient condition to obtain the result in Proposition 2 is that h(7) is increasing.

is submodular and log-modular in (y,A) on Ri.

Appendix B. Proofs

Proof of Lemma 1:

Proof. Suppose that 37'<7(c) : S(7/)>L fg/ Joes Jocaf (@, ¢, x)dwdodx. Then 3T < 7/ 1 S'(T) > Lipesfocaf(o,¢, T)dodo. Then r(c,T)) = 0<r(c,T(c)), SO
U(c,7,0;0)>U(c,T(c),0;0) YoVo since T(7) is strictly decreasing. This contradicts the definition of T(c), since T(c) is a location that maximizes
utility for some individual. Therefore S(T) = L [§ [,es [weaf (@, ¢,x)dododx VT<7T(c).

Suppose that 37, 7" : 7'<7"" <7(c) and r(c, ') < r(c, 7). Then U(c, 7, 0; 0) > U(¢, 7,0, 0) ¥V @ V osince T(T) is strictly decreasing. This contradicts the
result that 7/ maximizes utility for some individual. Therefore r(c,) is strictly decreasing in 7 V7<7(c).

Suppose r(c,7(c))>0. Then by its definition as a populated location, 3o : A(c)T(7(c))G(w)—r(c,T(c))2A(c)T(T(c) + €)G(w) Ve>0. This inequality is
false for all o for sufficiently small ¢, by the continuity of T(7). Therefore r(c,7(c)) =0. O

Proof of Lemma 2:
This proof is analogous to the proof of lemma 6 below.

Proof of Lemma 3:
Proof. By utility maximization

YGK(y)—rr(Y)2(y +dy)G(K(y))—rr(y +dy)
(Y +dy)G(K(y + dy))—rr(y + dy)2¥G(K(y + dy))—1r(Y)

Together, these inequalities imply

(Y +dy)G(K(y + dy)) =YG(K(y + dy)) | re(y +dy)=rr(y) , (v +dy)GK(y)) =yG(K(y))
dy B dy - dy

Taking the limit as dy — 0, we obtain argg;y)

rr(y) = [JGK)dx. O

= G(K(7)). Integrating from 7y to vy and using the boundary condition r(y) = 0 yields
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Proof of Lemma 4:
Proof. In city c, the population of individuals with skills between » and ® + do is

o-+do 1 o
L[ e S<T—1 (KA(gv))) _s<r—1 (%;dw)))

Taking the derivative with respect to dow and then taking the limit as dw — 0 yields the population of @ in c. Using the definition of s(y,c) yields the
desired expression. O

Proof of Lemma 5:
Proof. In city c, the population of individuals employed in sectors between o and o + do is

~O+do 1 1 . »
L/(, d Fx,c)dx =S (w (K(xc)(“))) ) » (T] (K (m A((:)f + do))> ) |

Taking the derivative with respect to do and then taking the limit as do — 0 yields the population employed in o in c. Using the definition of s(y,c)
yields the desired expression.
O

Proof of Lemma 6:

Proof. Nearly all of our argument follows the proof of Lemma 1 in Costinot and Vogel (2010). Define flw,c,7) = [oesf(o,c,7,0)do. Define Q(7)
= {0 € Q|flw,c,T) > 0} and 7 (w) = {7€[0,T(0)]|f (o, c,T)>0}.

1. T(w)#Z by eq. (11) and flw) > 0. Q(7)#J VT<T(c) by lemma 1.

2. Q(7) is anon-empty interval for 7€[0, T(c)]. Suppose not, such that w < @’ <" with w, @’ € Q(7) and ©’' € Q(7). 37" : @' € Q(7'). Suppose 7’ > T. By
utility maximization

A(QT(T)G(0)~r(c, T')2A
A(OT(T)G(@) (¢, T)2A(0)T(T)G(0)

These jointly imply (T(7") — T(7))(G(®') — G(®)) = 0, contrary to 7 > T and ®’ > . The 7/ < T case is analogous, using &’ and ’’. Therefore Q(7) is a
non-empty interval. The same pair of inequalities proves that for 7<7'<7(c), if ® € Q(7) and @’ € Q(7'), then 0 2 ©'.

3. Q(7) is a singleton for all but a countable subset of [0, 7(c)]. Since Q(7) C Q is a non-empty interval for any T€[0, 7(c)], Q(7) is measurable
for any T€[0,T(c)]. Let T denote the subset of locations 7 such that y[Q(7)] > 0, where u is the Lebesgue measure over R. 7 is a countable set.
For any T€7, define o(7) = infQ(7) and ®(7) = supQ(7). Because py[Q(7)] > 0, we know @(7)>w(7). Thus, for any T€7, there exists a j € N
such that ©(7)—o(7)2 (@0—®)/j. From the last result in step 2, we know that for any 7 # 7/, g[Q(7) N Q(7')] = 0. Thus, for any j € N, there can

(OT(T)G(e')=r(c,T)

r(c, T

be at most j elements {74, ...,7;} = TéCTo for which o(7;)—o ()2 (0—w)/j for i = 1, ..., j. By construction, 7 = UjeNT{). where T{) is a count-
able set. Since the union of countable sets is countable, 7 is a countable set. The fact that Q(7) is a singleton for all but a countable subset of
[0,7(c)] follows from the fact that 7 is a countable set and the fact that only the nonempty intervals of ) with measure zero are singletons.
4. T (o) is a singleton for all but a countable subset of Q). This follows from the same arguments as in steps 2 and 3.

5. Q(T) is a singleton for 7€[0, 7(c)]. Suppose not, such that there exists 7€[0, 7(c)] for which Q(7) is not singleton. By step two, Q(7) is an interval, so
H[Q(7)]> 0, where uis the Lebesgue measure over R. By step four, we know that 7 (w) = {7} for y-almost all @ € Q(7). Hence condition (11) implies

f(@,c,7) = f(©)6"™ [1—1gr)] forp-almost all ¥EQ(T), (A.3)

where 677 s a Dirac delta function. Combining egs. (9) and (3) with y[Q(7)]> 0 yields S'(T) = + %, which contradicts our assumptions about S(7).
Step 5 means there is a function N : 7—Q such that f{w,c,7) > 0 < N(T) = . Step 2 says N is weakly decreasing. Since Q(7)#2 VT<T(c), Nis con-
tinuous and satisfies N(0) = @ and N(T(c)) = w. Step 4 means that N is strictly decreasing on (0,7(c)). O

Proof of the explicit expression of N(7) that follows Lemma 6:

S(r) = L/T /UE2 wmf(w ¢, X, 0)dododx
-1 / / T =N~ ()] deodx
—L/ /_,f ")) 6P [x — 7N (T)d T dx

JINX))N'(x)dx = L(1—F(N(7)))

=>N(T) =F! <#>

Proof of Lemma 7:
Proof. By utility maximization

A(c)T(T)G(N(T))—r(c, 7)2A(c)T(T +d7)G(N(T))—r(C, T + dT)
A(O)T(T +d7)G(N(T +d7))—r(c, T + d7)2A(c)T(T)G(N(T + d7))—1(C, T)
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Together, these inequalities imply

AQT(T +dT)G(N(T) —A©T(TGN(T)) _ 1(e,T +dr)—r(c,T) _ AQT(T + dr)G(N(T + d7)) —A(O)T(T)G(N(T + dT))
dr - dr - dr

Taking the limit as dT — 0, we obtain w = A(c)T'(T)G(N(7)). Integrating from 7 to 7(c) and using the boundary condition r(c, 7(c)) = 0 yields

re,m) = —AQ) [TOTOGN®)d. O
In the course of proving Proposition 1, we use the following lemma.

Lemma 8.Letf(z) :R — R and g(x,y) :R> — Ry be C? functions. If g(x,y) is submodular and log-modular, then f(g(x,y)) is log-supermodular
in (x,y) if and only if f(z) has a decreasing elasticity.
Proof. f(g(x,y)) is log-supermodular in (x,y) if and only if

>0
lz=g(x.y)

9 Inf(g(x.y)) _ {6 nfz), 9 Inf@, }
Oxdy 0z v 0z2 =Y

&x8y
Xy

If g(x,y) is submodular (g, < 0) and log-modular (g = ), this condition can be written as

dInf(z) 0 Inf(2)&g
z | 02 Sy

SR

} [z=g(x.y)
O

Proof of Proposition 1:
Proof. Recall that the supply of locations with attractiveness vy in city c is

Tyl v\
s(y,¢) = { FV(W}) if y<A(c)T(0)

otherwise

It is obvious that y > v/, ¢ > ¢’ = s(y,c)s(7y,¢’) 2 s(7y,c')s(y',c) is true when 7y > A(c’)T(0). For vy < A(c’)T(0), the inequality holds true if and

only if V(}%) is log-supermodular in (7,c). Note that % is submodular and log-modular in (y,A) on Ri. Therefore, by lemma 8, V(%) is
log-supermodular in (7y,A) on R if and only if V(z) has a decreasing elasticity. Since A(c) is increasing in c, V(/%) is log-supermodular
in (y,c) on Ry x C if V<%> is log-supermodular in (y,A). Thus, s(7y,c) is log-supermodular if V(z) has a decreasing elasticity. O
Proof of Proposition 2:
Proof. s(7y,c) 2 s(7y,c’) is trivially true for y > A(c¢’)T(0). For -y < A(c')T(0),
s(y,025(7, )= V(Y )= V(Y _)> InA(c)— InA(C)
T A(c) Ale)) -
This condition can be rewritten as
InA(c) __ InA(c)
/ M ydInx / dlnx
Jnaey Olmz |1 Jinace)
InAc) | _
/ M vy—1,dlnx>0
JInA(c) olnz |, 1
X
Thus, a sufficient condition for the larger city to have more locations of attractiveness y when V(z) has a decreasing elasticity is 9 E;HIKEZ) <—1lat
__Y
z=4 Gh

Appendix C. Data

Data sources: Our metropolitan population data are from the US Census website (2000). Our data on individuals' demographics, educational attain-
ments, geographic locations, and sectors of employment come from the 5% sample of the 2000 US Census and the 1% metro sample of the 1980 US
Census made available by IPUMS-USA (Ruggles et al., 2010). Our data on industrial employment come from the 2000 County Business Patterns, avail-
able from the US Census Bureau website. Our data on occupational employment come from the 2000 Occupational Employment Statistics, available
from the Burea of Labor Statistics website.

Geography: We use (consolidated) metropolitan statistical areas as defined by the OMB as our geographic unit of analysis.
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The smallest geographic unit in the IPUMS-USA microdata is the public-use microdata area (PUMA), which has a minimum of 100,000 residents. We
map the PUMAs to metropolitan statistical areas (MSAs) using the MABLE Geocorr2K geographic correspondence engine from the Missouri Census
Data Center. In some sparsely populated areas, a PUMA is larger than a metropolitan area. We drop six MSAs in which fewer than half of the residents
of the only relevant PUMA live within the metropolitan area. As a result, there are 270 MSAs when we use these microdata.

The 1980 Census of Population [IPUMS-USA microdata do not identify PUMAS, so we use the “metarea” variable describing 270 consolidated MSAs for
the regressions in Table E.1.

The County Business Patterns data describe 318 metropolitan statistical areas. These correspond to a mix of OMB-defined primary and consolidated
metropolitan statistical areas outside New England and New England county metropolitan areas (NECMAs). We aggregate these into OMB-defined
(consolidated) metropolitan statistical areas to obtain 276 MSAs.

The Occupational Employment Statistics data describe 331 (primary) metropolitan statistical areas. We aggregate these into OMB-defined (consol-
idated) metropolitan statistical areas to obtain observations for 276 MSAs.

Skill distribution: Our sample of individuals in the IPUMS data includes those 25 and older in the labor force. We exclude individuals living in group
quarters. Using the “educd” variable from IPUMS, we construct nine levels of educational attainment: less than high school (educd values 2-24), high
school dropout (30-61), high school graduate (62), college dropout (65, 71), associate's degree (81), bachelor's degree (101), master's degree (114),
professional degree (115), and doctorate (116). There is at least one observation in every educational category in every metropolitan area. In Appen-
dix E, we report robustness checks using a narrower sample of IPUMS observations: full-time full-year (FTFY) workers, defined as individuals 25 and
older who reported working at least 35 hours per week and 40 weeks in the previous year.

In Appendix E, we report robustness checks using aggregate tabulations from the Census of Population, Summary File 3, available from the US Census
website. These tabulations are less noisy than the IPUMS observations, because they come from the 1-in-6 Census long form rather than the 1-in-20
public-use microdata. Because they are aggregate tabulations, we cannot condition on individual characteristics like labor-force participation or
birthplace.

Sectoral skill intensity: Using the same sample of individuals 25 and older in the labor force, we measure a sector's skill intensity by calculating the
average years of schooling of its employees after controlling for spatial differences in average schooling. We calculate years of schooling using the
educational attainment “educd” variable from IPUMS at its finest level of disaggregation. For instance, this means that we distinguish between
those whose highest educational attainment is sixth grade or eighth grade. We use the “indnaics” and “occsoc” variables to assign individuals to
their 2-digit NAICS and 2-digit SOC sectors of employment. Aggregating observations to the MSA-sector level, weighted by the IPUMS-provided per-
son weights, we regress the average years of schooling on MSA and sectoral dummies. The sectoral dummy coefficients are our measure of skill
intensities.

Industrial employment: There are 19 2-digit NAICS industries covered by both the Census of Population microdata and the County Business
Patterns data (the latter omits public administration, NAICS 92). The County Business Patterns data are an almost exhaustive account of US
employer establishments. When necessary to protect the confidentiality of individual establishments, employment in an industry in a location
is censored and reported as falling within an interval rather than its exact number. In our empirical work, we use the midpoints of these in-
tervals as the level of employment. There are four (C)MSAs that have zero establishments in mining; the remaining 5240 (=19 x 276 — 4)
industry-metropolitan pairs have at least one establishment. The County Business Patterns data omit self-employed individuals and em-
ployees of private households, railroads, agriculture production, the postal service, and public administrations. See the CBP methodology
webpage for details.

Occupational employment: There are 22 2-digit SOC occupations. Across 331 (P)MSAs, there should be 7282 metropolitan-occupation ob-
servations. The 2000 BLS Occupational Employment Statistics contain employment estimates for 7129 metropolitan-occupation observa-
tions, none of which are zero. The 153 omitted observations “may be withheld from publication for a number of reasons, including
failure to meet BLS quality standards or the need to protect the confidentiality of [BLS] survey respondents.”

Appendix D. Empirical tests

D.1. Population elasticities and pairwise comparisons
This section describes the relationship between our two empirical tests in more detail.
If flv,c) is log-supermodular and f(v,c) >0 VvV,

>V, c>c= Inf(v,c)+ Inf(v',c)2 Inf(v',c) + Inf(v,c).
Ifcand ' are distinct sets and Cis greater thanC’ ( infcecL(c)> sup.¢»L(c’)) and nc is the number of elements in C while n. is the number of elements in
C', then log-supermodularity of f(v,c) implies

1
ne

> lnf(v’,c')znlz Inf(v',c) +

cec Ceec

S Infw,o)+

cec

> Infw,c) forv=1/

1 1

ne ne oee

Suppose that the world is noisy. Consider the following form for f(v,c), which is a first-order approximation for any form,
Inf(v,c)=aw+pB, InLc + &

where &, ( is an error term with (¢, ) = 0. The probability of obtaining the expected inequality when v>1",C>C' is

P= Pr<%z lnf(V,c)-&-%Z lnf(y/7c’)znlcz 1nf(vgc)+niclz lnf(v,c’))

Ccec cec cec cec

1 1 _ _
= Pr (l’l_z [evc—égvc] + . Z [ve—&v ] 2(By—PBy)[ InLe— 1nLC’]>

Cec C oec
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where InL. denotes an average log population, InL. = nlzc,ec/ InL.. This probability is higher when there is a larger difference in population
o

size between the two bins and when the difference in population elasticities, 3,, — 3., is larger. Since log-supermodularity implies that 3,, is increas-
ing in v, this probability is higher when the difference v — 17 is larger.

To illustrate the properties of this probability, consider the special case in which the error term is normally distributed, gv‘c@/\/ (0,02). Then

2
nizcec[av,‘c—su,c] is distributed N <02ni> Thus, the left side of the inequality inside the probability is distributed N <0’2{nl+ nl }02)
C C C C

Therefore, we can write that the left side divided by 1/2{%4—%} 0? is distributed standard normal, A(0,1). Thus, the probability of
C C

obtaining the expected inequality is

P=0O M[ lnzc_ lnic,]
2|:l+i o2
ne  Ne

where Q(-) denotes the cumulative distribution function of A(0,1). If ne equals n., the expression for P simplifies to

\/TT _ _
P= n(wé (By—By) - [ InLe— lnLC,D.

The probability of obtaining the inequality depends on the difference in population size ( InL;— InL.), the difference in population elasticities
(B, — By), the noisiness (0?) of the relationship, and the number of cities aggregated (n¢). When the deterministic function is log-supermodular

(c>c = L2L;v>V = B2 By), P»1as o - 0 (and P—% as 0 — «). When the function is log-modular, P—% as 0®> - 0, and when the

function is log-submodular, P—0 as 0> — 0. As n¢ increases (as we aggregate cities into fewer bins), it becomes more likely that we obtain the
expected inequality. However, using fewer bins also decreases the number of times that we evaluate this inequality, so we will tend to have
lower power to reject the null hypothesis that f(v,c) is log-modular.

Our finding that 3, is increasing in  when estimated in the population elasticity test implies that this pairwise comparison test will tend to have the
correct inequality, and its success rate will increase with differences in city size and aggregation. The success of the elasticity test implies success of
the pairwise comparison test (with aggregation) to the extent that the log-linear approximation of f(v,c) is a good approximation. At the same time,
0? > 0, so we should not expect the pairwise comparison test to have a 100% success rate. We use an exact test to compute the probability of
obtaining our observed success rates under the null hypothesis that the deterministic function is log-modular (8, =8 V V).

D.2. P-values for pairwise comparisons test

To assess the statistical significance of the fraction of these pairwise comparisons that yield the expected inequality, we compute the probability of
obtaining a success rate at least as high as the observed success rate under the null hypothesis that skills and sectors are uniformly distributed across
metropolitan areas. To do so, we employ a permutation test, shuffling the microdata observations to construct cities of the true population size with
randomly assigned skill and sectoral distributions. For example, we shuffle the 4.4 million individuals in our [IPUMS microdata sample to randomly
assign them to metropolitan areas. We then perform the relevant pairwise comparisons test and record its success rate. We repeat this process 1000
times, yielding a cumulative distribution for the pairwise comparisons test's success rate under the null hypothesis. This distribution is centered
around 0.5, and the p-value assigned to a success rate is the fraction of success rates in the cumulative distribution simulated under the null hypoth-
esis that exceed the observed rate. When there are more observations (more bins, more educational categories, etc), the cumulative distribution ex-
hibits less dispersion, yielding a more powerful test.

Appendix E. Empirical results

E.1. US-born and foreign-born skill distributions

Table 5 shows that more educated skill groups generally have higher population elasticities: the population elasticity of professionals exceeds that of
bachelor's degree holders, which exceeds that of associate's degree holders, and so forth. In this appendix subsection, we investigate outliers that de-
viate from this broad pattern.

In particular, the population elasticity of those never reaching high school is 1.089. This skill group constitutes about 4% of the population and is over-
whelmingly foreign-born. The second column of Table 5 reveals that its high population elasticity is attributable to the presence of foreign-born in-
dividuals with low educational attainment in larger cities.

How should we interpret the difference between the spatial distribution of skills among the population as a whole and among US-born individuals?
One possibility is that immigrants strongly prefer larger cities for reasons omitted from our model, causing less-skilled foreign-born individuals to
disproportionately locate in larger cities. This would be consistent with an established literature that describes agglomeration benefits particular
to unskilled foreign-born individuals, such as linguistic enclaves (Edin et al., 2003; Bauer et al., 2005).5!

Eeckhout et al. (2014) articulate another possibility, in which an economic mechanism they term “extreme-skill complementarity” causes less skilled
individuals, foreign-born or US-born, to disproportionately reside in larger cities. Since this theory is silent with regard to birthplace, it predicts thatin
the absence of foreign-born low-skilled individuals, US-born low-skilled individuals would disproportionately locate in larger cities.

1 Another potential mechanism is that immigrants may find larger cities' combination of higher nominal wages and higher housing prices more attractive than natives (Diamond, 2016),
possibly because they remit their nominal incomes abroad or demand less housing than US-born individuals. Albert and Monras (2018) study this mechanism in detail.
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We attempt to distinguish between these hypotheses by looking at the skill distributions of US cities two decades earlier. In 2000, foreign-born indi-
viduals were 11% of the US population, while in 1980 they constituted about 6% (Gibson and Jung, 2006). More importantly, in 2000, foreign-born in-
dividuals constituted 71% of the least-skilled group, while in 1980 they were only 27%. If our hypothesis that less-skilled foreign-born individuals are
particularly attracted to larger cities is correct, then the population elasticity of less-skilled types should be lower when foreign-born shares are lower.
Table E.1 demonstrates that this is the case in 1980.%2 It does not provide any evidence that the least skilled were overrepresented in larger cities in 1980,
among either the population as a whole or US-born individuals. Reconciling these results with the birthplace-neutral model of Eeckhout et al. (2014)
would require that the production function changed from top-skill complementarity in 1980 to extreme-skill complementarity in 2000.

The contrast in the least-skilled population elasticities between 1980 and 2000 for the population as a whole overwhelmingly reflects the increasing
foreign-born share in the least-skilled groups. For foreign-born individuals with less than high school education, the population elasticities were 1.46
in 1980 and 1.43 in 2000. For US-born individuals, these population elasticities were 0.89 in 1980 and 0.86 in 2000. That is, these birthplace-specific
elasticities hardly budged over twenty years. What changed was the foreign-born share: the vast majority of the difference in population elasticities
for the less-than-high-school skill group in 1980 and 2000 is due to its increasingly foreign-born composition. If the total less-than-high-school pop-
ulation were its year-2000 size and exhibited the foreign-born and US-born population elasticities estimated for the year 2000, but the share of this
group that was US-born were its 1980 share (73%) rather than its 2000 share (29%), the less than high school group's population elasticity would be
0.944. This is close to the population elasticity of 0.974 estimated using the 1980 data. Thus our model's poor prediction of the less-than-high-school
population elasticity in 2000 is attributable to large cities being particularly attractive to foreign-born individuals.

Table E.1
Population elasticities of seven skill groups, 1980.
Dependent variable: Inf(w,c) (1) (2) Population share Share
All US-born US-born
Be1 Less than high school x log population 0.974 0.890 0.09 0.73
(0.0244) (0.0269)
B2 High school dropout x log population 1.017 0.995 0.13 0.92
(0.0165) (0.0187)
Bews Grade 12 x log population 0.993 0.974 0.34 0.93
(0.0101) (0.0119)
Bwa 1 year college x log population 1.055 1.041 0.10 0.94
(0.0162) (0.0166)
Bws 2-3 years college x log population 1.093 1.074 0.12 0.92
(0.0154) (0.0155)
Bws 4 years college x log population 1.106 1.088 0.11 0.92
(0.0171) (0.0177)
Bw7 5+ years college x log population 1.134 1.114 0.11 0.90
(0.0216) (0.0215)

Nortes: Standard errors, clustered by MSA, in parentheses. Sample is individuals 25 and older in the labor force residing in 270 metropolitan areas in 1980.

E.2. Sectoral population elasticities

Tables E.2 and E.3 report the population elasticities estimates depicted in Figs. 1 and 2, along with the accompanying standard errors. Table E.3 also
reports elasticities estimated using only city-industry employment levels that are not censored by being reported as falling within an interval in the
County Business Patterns data.

Table E.2
Occupational employment population elasticities.
B Farming, Fishing, and Forestry Occupations 0.807 Bo12 Sales and Related Occupations 1.035
(0.0470) (0.00917)
Boe Building and Grounds Cleaning and Maintenance Occupations 1.038 Bo13 Management Occupations 1.080
(0.0103) (0.0143)
B3 Food Preparation and Serving Related Occupations 0.984 Bo14 Arts, Design, Entertainment, Sports, and Media Occupations 1.157
(0.0104) (0.0189)
Boa Construction and Extraction Occupations 1.035 Bo1s Business and Financial Operations Occupations 1.202
(0.0138) (0.0177)
Bos Production Occupations 1.040 Bo16 Computer and Mathematical Occupations 1.393
(0.0250) (0.0335)
Bos Transportation and Material Moving Occupations 1.058 Bo17 Architecture and Engineering Occupations 1.205
(0.0135) (0.0255)
Bo7 Installation, Maintenance, and Repair Occupations 1.012 Bo1s Healthcare Practitioners and Technical Occupations 0.998
(0.0110) (0.0139)
Bos Healthcare Support Occupations 0.977 Bo1o Community and Social Services Occupations 0.982
(0.0130) (0.0199)
Boo Personal Care and Service Occupations 1.064 Bo20 Education, Training, and Library Occupations 1.010
(0.0170) (0.0168)
Bo1o Office and Administrative Support Occupations 1.079 Boz1 Life, Physical, and Social Science Occupations 1.166
(0.00999) (0.0295)
Bo11 Protective Service Occupations 1.120 Bo22 Legal Occupations 1.198
(0.0140) (0.0221)

Nores: Standard errors, clustered by MSA, in parentheses.

62 The educational categories in Table 9 differ from prior tables because Census microdata collected prior to 1990 identify coarser levels of educational attainment in terms of years of
schooling rather than highest degree attained.
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Table E3
Industrial employment population elasticities.

(1) (2) (1) (2)

B Forestry, fishing, hunting, and agriculture support 0.774 0.660 Bo11 Utilities 0.999 0917
(0.0546) (0.142) (0.0338) (0.0545)
Boz Accommodation and food services 0.992 0.991 Bo12 Arts, entertainment and recreation 1.130 1.125
(0.0125) (0.0129) (0.0220) (0.0251)
Bos Construction 1.059 1.057 Bo13 Mining 0.829 0.633
(0.0158) (0.0160) (0.0621) (0.122)
Boa Admin, support, waste mgt, remediation services 1.200 1.207 Bo14 Health care and social assistance 0.946 0.946
(0.0206) (0.0195) (0.0127) (0.0127)
Bos Transportation and warehousing 1.178 1.175 Bo1s Finance and insurance 1.170 1.167
(0.0253) (0.0264) (0.0206) (0.0215)
Bos Other services (except public administration) 1.032 1.032 Bors Information 1.171 1.184
(0.0109) (0.0110) (0.0216) (0.0248)
Bo7 Retail trade 0.961 0.962 Bs17 Management of companies and enterprises 1.506 1.406
(0.00739) (0.00713) (0.0435) (0.0469)
Bos Manufacturing 0.979 0.973 Bo1s Professional, scientific and technical services 1.263 1.267
(0.0293) (0.0296) (0.0174) (0.0177)
Boo Wholesale trade 1.165 1.159 Bo1o Educational services 1.203 1.205
(0.0193) (0.0190) (0.0346) (0.0391)
Bo1o Real estate and rental and leasing 1.162 1.160
(0.0142) (0.0145)
Observations 5240 4295 Observations 5240 4295
Only uncensored observations Yes Only uncensored observations Yes

Notes: Standard errors, clustered by MSA, in parentheses.

E.3. Skill distribution: alternative inclusion criteria

In the main text, we describe the skill distribution using labor-force participants 25 and older. Tables E.4 through E.6 demonstrate that we obtain
similar results when using alternative inclusion criteria. First, we use a broader sample of individuals, counting everyone 25 and older regardless
of labor-force participation. For this, we use aggregate tabulations of population over 25 by educational attainment from the Census of Population,
Summary File 3. Second, we use a narrower sample of individuals, restricting attention to the population of full-time full-year (FTFY) workers 25
and older in the [PUMS microdata.

Table E4
Skill groups by educational attainment.

Summary File 3 IPUMS FTFY Share Skill (9 groups) Summary File 3 IPUMS FTFY Share
skill (3 groups) population share population share US-born population share population share US-born
High school or less 0.46 0.35 0.79 Less than high school 0.07 0.03 0.27

High school dropout 0.12 0.07 0.73
High school graduate 0.27 0.24 0.88
Some college 0.28 0.32 0.89 College dropout 0.21 0.24 0.90
Associate's degree 0.06 0.08 0.88
Bachelor's or more 0.27 0.34 0.85 Bachelor's degree 0.17 0.21 0.87
Master's degree 0.06 0.08 0.84
Professional degree 0.02 0.03 0.82
Doctorate 0.01 0.01 0.72

Notes: “Summary File 3” denotes 2000 Census of Population Summary File 3 tabulations of populations 25 and older by educational attainment for 270 metropolitan areas. “IPUMS FTFY”
denotes full-time, full-year employees 25 and older residing in 270 metropolitan areas in IPUMS Census of Population microdata. The “share US-born” columns are computed using the
[PUMS FTFY microdata.

Table E.5
Population elasticities of three skill groups.
Dependent variable: Inf(w,c) (1) (2) (3)
SF3 [PUMS FTFY IPUMS FTFY
All All US-born
Be1 High school or less x log population 0.976 0.955 0.899
(0.00984) (0.0110) (0.0160)
B2 Some college x log population 1.010 0.999 0.973
(0.00770) (0.0105) (0.0123)
B3 Bachelor's or more x log population 1.093 1.097 1.068
(0.0125) (0.0152) (0.0163)

Notes: Standard errors, clustered by MSA, in parentheses. Column 1 sample is Summary File 3 tabulations of populations by educational attainment. Column 2 sample is full-time, full-year
employees 25 and older residing in 270 metropolitan areas in IPUMS Census of Population microdata. Column 3 is the column 2 sample restricted to individuals born in the United States.
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Table E.6
Population elasticities of nine skill groups.
Dependent variable: Inf(®,c) (1) (2) 3)
SF3 IPUMS FTFY [PUMS FTFY
All All US-born
Be1 Less than high school x log population 1.026 1.119 0.877
(0.0221) (0.0336) (0.0270)
B2 High school dropout x log population 1.012 1.014 0.941
(0.0146) (0.0156) (0.0193)
B3 High school graduate x log population 0.953 0.927 0.893
(0.0111) (0.0135) (0.0168)
Bwa College dropout x log population 1.010 1.002 0.977
(0.00838) (0.0113) (0.0131)
Bews Associate's degree x log population 1.013 0.999 0.968
(0.0121) (0.0142) (0.0155)
Bws Bachelor's degree x log population 1.096 1.098 1.070
(0.0119) (0.0148) (0.0165)
Bw7 Master's degree x log population 1.094 1.117 1.085
(0.0155) (0.0178) (0.0184)
Bos Professional degree x log population 1.115 1.105 1.076
(0.0139) (0.0170) (0.0180)
Bwe PhD x log population 1.079 1.080 1.031
(0.0282) (0.0334) (0.0315)

Notes: Standard errors, clustered by MSA, in parentheses. Column 1 sample is Summary File 3 tabulations of populations by educational attainment. Column 2 sample is full-time, full-year
employees 25 and older residing in 270 metropolitan areas in [IPUMS Census of Population microdata. Column 3 is the column 2 sample restricted to individuals born in the United States.

EA4. Skill distribution: inferring skills from wages

In the main text, we use educational attainment as a proxy for skill, assuming that the distribution of skills increases with educational attainment. In
this section, we infer skills from nominal wages. The theoretically appropriate wage measure differs between the productivity and amenity interpre-
tations of a location's desirability.

In the productivity interpretation of the desirability of a location, individuals of the same skill earn the same income, K~ !(w)G(w), everywhere they
locate in equilibrium. Since both locational assignments K and the skill component of income G are strictly increasing functions, there is a one-to-one
mapping between wages and skill. Thus, if the skill distribution f{®, ¢) is log-supermodular, the number of people earning a given wage in a city is also
log-supermodular in the wage and city population size. If we divide individuals into twenty wage ventiles, there should be relatively more people in
the higher wage ventiles in larger cities.

In the amenity interpretation of desirability, individuals of the same skill earn different incomes in different cities. As shown in Appendix A.2, an in-
dividual of skill @ in city c has a nominal income of A(c)G(®), which obviously varies with city c. Thus, nominal wages alone cannot be used to infer an
individual's skill. Within a city, the relative income of two skill types is independent of the city, AA—((CC))(?((S))’)) = g((z:,)) In our model, the least skilled type
wis present in all cities. Thus, if we normalize all observed incomes by the least skilled type's income in each city, we can compare the distributions of
these normalized incomes across cities. To do so empirically, we normalize wages in each city relative to the fifth percentile wage in that city and
compute national ventiles of this normalized wage distribution. There should be relatively more people in the higher normalized-wage ventiles in
larger cities.

Table E.7 reports the estimated population elasticities of these wage ventiles for the productivity and amenity interpretations for both the entire pop-
ulation and US-born individuals. These population elasticities are almost always monotonically increasing across wage ventiles. The sole statistically
significant exception is the first ventile. The 5% of the population that earns the lowest nominal wages are overrepresented in larger cities relative to
our model's predictions. But the overwhelming majority of the wage distribution exhibits log-supermodularity, in line with our theory.

Table E.7
Population elasticities of wage ventiles.

(1) (2) (3) (4)

Productivity interpretation Amenity interpretation
All US-born All US-born
Bw1 wage ventile 1 x log population 0.898 0.816 1.013 0.930
(0.0171) (0.0164) (0.00843) (0.0172)
Bw2 Wage ventile 2 x log population 0.869 0.780 0.958 0.875
(0.0167) (0.0180) (0.0108) (0.0204)
Bw3 Wage ventile 3 x log population 0.868 0.795 0.951 0.882
(0.0133) (0.0166) (0.0121) (0.0217)
Bwa wage ventile 4 x log population 0.878 0.814 0.955 0.899
(0.0127) (0.0182) (0.0136) (0.0214)
Bws Wage ventile 5 x log population 0.916 0.862 0.962 0911
(0.0111) (0.0162) (0.0154) (0.0229)
Bws Wage ventile 6 x log population 0.929 0.881 0.968 0.925
(0.0123) (0.0176) (0.0153) (0.0216)
Bw7 wage ventile 7 x log population 0.945 0.902 0.982 0.942

(0.0120) (0.0168) (0.0163) (0.0218)
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Table E.7 (continued)
(1) (2) (3) (4)
Productivity interpretation Amenity interpretation
All US-born All US-born
Bws Wage ventile 8 x log population 0.975 0.934 0.997 0.959
(0.0111) (0.0154) (0.0145) (0.0196)
Bwo Wage ventile 9 x log population 0.993 0.958 1.006 0.971
(0.0119) (0.0160) (0.0135) (0.0181)
Bewio Wage ventile 10 x log population 1.009 0.972 1.014 0.982
(0.0110) (0.0146) (0.0121) (0.0158)
Bw11 Wage ventile 11 x log population 1.023 0.992 1.014 0.984
(0.0124) (0.0157) (0.0117) (0.0149)
Bw12 Wage ventile 12 x log population 1.035 1.004 1.020 0.991
(0.0110) (0.0138) (0.0125) (0.0148)
P13 wage ventile 13 x log population 1.046 1.020 1.021 0.994
(0.0115) (0.0140) (0.0136) (0.0164)
Bw14 Wage ventile 14 x log population 1.062 1.036 1.035 1.008
(0.0116) (0.0138) (0.0123) (0.0136)
Bew1s wage ventile 15 x log population 1.073 1.046 1.020 0.994
(0.0129) (0.0152) (0.0124) (0.0133)
Bw1e Wage ventile 16 x log population 1.103 1.078 1.040 1.014
(0.0134) (0.0154) (0.0114) (0.0121)
Bew17 Wage ventile 17 x log population 1.123 1.097 1.057 1.031
(0.0142) (0.0155) (0.0134) (0.0136)
Bew1s wage ventile 18 x log population 1.178 1.157 1.076 1.052
(0.0155) (0.0167) (0.0151) (0.0149)
Bw1o Wage ventile 19 x log population 1.238 1.215 1.115 1.091
(0.0183) (0.0192) (0.0173) (0.0165)
Bw2o Wage ventile 20 x log population 1.268 1.250 1.163 1.143
(0.0175) (0.0181) (0.0165) (0.0157)

Notes: Standard errors, clustered by MSA, in parentheses. Sample is individuals 25 and older earning hourly wages greater than $2/h residing in 270 metropolitan areas. Wages in columns
3 and 4 are normalized by city as described in the text.

E.5. Pairwise comparisons: alternative weighting schemes

In the main text, we report the success rate for the pairwise comparisons test as a weighted average of the share of pairwise comparisons that yield
the predicted inequality. As shown in Appendix D, in the presence of idiosyncratic errors, the predicted inequality should hold with greater proba-
bility when there are larger differences in population size and skill intensity. There is more at stake when evaluating our model's prediction compar-
ing the skill distributions of Chicago (population 9 million) and Des Moines (population 456 thousand) than its prediction comparing Des Moines and
Kalamazoo (population 453 thousand). Nonetheless, we report success rates with alternative weighting schemes, including no weights at all. Since
there is significant variation in differences in populations and skill intensities, as depicted in Fig. E.1, the unweighted success rates may differ substan-
tially from those weighted by the relevant criteria.

Tables E.8 through E.11 present the pairwise comparisons for skill groups, occupations, and industries with a variety of weights for the same set of
bins presented in the main text. The unweighted success rates show patterns similar to those of the weighted success rates in terms of birthplace and
number of bins. The unweighted success rates are generally lower than the weighted success rates, demonstrating that our model's predictions are
borne out in the data more frequently when the relevant differences in population size and skill intensity are larger. Consistent with the results of
subsection 5.3, our theory's predictive successes are systematic and the empirical departures from our theory appear to be idiosyncratic. These results
are highly statistically significant, confirming the model's predictive power.

° T T T T ° T T T T T ° T T T T
0 2 4 6 0 2 4 6 8 0 1 2 3 4 5
Difference in log population Difference in schooling Difference in schooling

Fig. E.1. Differences in populations and skill intensities.
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Table E8
Pairwise comparisons of three skill groups.

Pairwise comparisons of three skill groups

Bins Total comparisons Unweighted Pop-diff-weighted
All US-born All US-born
2 3 1.00 1.00 1.00 1.00
(0.17) (0.17) (0.17) (0.17)
3 9 1.00 1.00 1.00 1.00
(0.00) (0.00) (0.00) (0.00)
5 30 0.93 0.97 0.97 0.99
(0.01) (0.00) (0.00) (0.00)
10 135 0.77 0.81 0.89 0.91
(0.00) (0.00) (0.00) (0.00)
30 1305 0.70 0.74 0.82 0.86
(0.00) (0.00) (0.00) (0.00)
90 12,015 0.64 0.67 0.74 0.77
(0.00) (0.00) (0.00) (0.00)
270 108,945 0.60 0.61 0.67 0.69
(0.00) (0.00) (0.00) (0.00)

Nortes: P-values for uniform null hypothesis in parentheses. Sample is individuals 25 and older in the labor force residing in 270 metropolitan areas.

Table E9
Pairwise comparisons of nine skill groups.

Pairwise comparisons of nine skill groups

Bins Total comparisons Unweighted Pop-diff-weighted Pop-diff x edu-share
All US-born All US-born All US-born
2 36 0.61 0.86 0.61 0.86 0.75 0.90
(0.38) (0.02) (0.38) (0.02) (0.08) (0.01)
3 108 0.58 0.80 0.61 0.83 0.75 0.88
(0.33) (0.00) (0.26) (0.00) (0.02) (0.00)
5 360 0.58 0.76 0.62 0.80 0.76 0.85
(0.21) (0.00) (0.12) (0.00) (0.00) (0.00)
10 1620 0.58 0.67 0.63 0.75 0.74 0.81
(0.07) (0.00) (0.02) (0.00) (0.00) (0.00)
30 15,660 0.57 0.62 0.62 0.70 0.72 0.77
(0.01) (0.00) (0.00) (0.00) (0.00) (0.00)
90 144,180 0.55 0.59 0.59 0.66 0.66 0.71
(0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
270 1,307,340 0.54 0.56 0.57 0.61 0.61 0.64
(0.00) (0.00) (0.00) (0.00) (0.00) (0.00)

Notes: P-values for uniform null hypothesis in parentheses. Sample is individuals 25 and older in the labor force residing in 270 metropolitan areas.

Table E.10
Pairwise comparisons of occupations.
Bins Total comparisons Unweighted success rate Pop-diff weighted weighted success rate Pop-diff x skill-diff weighted success rate
2 231 0.70 0.70 0.75
(0.02) (0.02) (0.03)
3 693 0.66 0.68 0.74
(0.00) (0.00) (0.00)
5 2310 0.64 0.67 0.71
(0.00) (0.00) (0.00)
10 10,395 0.59 0.62 0.65
(0.00) (0.00) (0.00)
30 100,485 0.56 0.60 0.63
(0.00) (0.00) (0.00)
90 925,155 0.55 0.59 0.62
(0.00) (0.00) (0.00)
276 8,073,382 0.54 0.55 0.57
(0.00) (0.00) (0.00)

Notes: P-values for uniform null hypothesis in parentheses.
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Table E.11
Pairwise comparisons of industries.

Bins Total comparisons Unweighted success rate Pop-diff weighted weighted success rate Pop-diff x skill-diff weighted success rate
2 171 0.65 0.65 0.77
(0.09) (0.09) (0.05)
3 513 0.64 0.64 0.74
(0.02) (0.03) (0.01)
5 1710 0.62 0.64 0.74
(0.00) (0.00) (0.00)
10 7695 0.59 0.62 0.71
(0.00) (0.00) (0.00)
30 74,385 0.57 0.60 0.66
(0.00) (0.00) (0.00)
90 684,855 0.56 0.59 0.64
(0.00) (0.00) (0.00)
276 6,469,758 0.54 0.57 0.61
(0.00) (0.00) (0.00)

Notes: P-values for uniform null hypothesis in parentheses.
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