The Dynamics of the Jones R&D Growth Model:

Technical Appendix
Lutz G. Arnold

This paper gives the proofs omitted in my Review of Economic Dynamics paper on “The Dynamics

of the Jones R&D Growth Model”. Arabic equation numbers refer to this paper.

Steady state
From (2) and (3),
xl=xv+n (A.1)

Hence,
o’z =av+n. (A.2)
From (4) and (A.1):
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(A.2) and (A.4) can be solved for v and z:
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These are (7) and (8) in the main text. (6) is obtained from (A.1):
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Finally, (9) is obtained from (A.3):
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For future reference, notice that I*, v*, z*, and v* satisfy the following relations:
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The first three inequalities are obvious. The latter two are easily proved as follows:
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Transversality condition

The transversality condition for the households’ utility maximization problem is

lim e P [K(t) + A(t)v(t)]A\(t) = 0,

t—o0

where A is the co-state variable and K + Aw is financial wealth. According to the first-order condition

for an optimal consumption profile,



In a steady state, A/JA =n/x, K/K = AJA+n=n/x+n,0/v=Y)Y —AJA=n, ¢/c =n/x, and

M= —(¢/¢)]o —n = —on/x —n. Hence, the transversality condition requires
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Rearranging terms yields (5):

A= n+p>0.
The linearized system (10):
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Analogously, from (4):
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The characteristic equation
The characteristic equation is:
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Developing the determinant in the characteristic equation with respect to the fourth row gives:
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As for As(q):
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The remaining terms can be rewritten as:
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Taken together, it follows that
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Equations (11)-(14):
From (A.6)-(A.8), one can calculate the expressions for ¢; (1 =0,1,2,3) in (11)-(14):
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The term in square brackets in (13) is positive.

From (A.5) and x* > 0,
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Equation (17):
The expression on the right-hand side of (15) is less than the expression on the right-hand side of (16)
if
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Since the denominators on both sides of the inequality are positive, this can be rewritten as:
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Multiplying out yields:
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Collecting terms, we have:
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Second term in square brackets in (17):
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The fraction in (18) is greater than 4:
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Denote the denominator of the fraction on the right-hand side of (18) as g(a) = (1 — a?)(2a — 1) =

—20a3 + a2 + 2a0 — 1. The first and second derivatives are

d(a)=—6 (a2 - éa - é)

g () =—6 (2a - %) .

g(a) assumes a local maximum at a = (1 + v/13)/6 with

g<1+\/ﬁ> :13\/ﬁ—35

6 o4

Since ¢g(0) = —1 < 0, this is a global maximum, given a > 0. So the denominator is less than
(1313 — 35)/54. For @ > 1/2, the numerator is greater than 9/8, and, consequently, the fraction is
greater than 243/(52v/13 — 140) = 5.117 > 4. (Actually, the fraction is greater than 6.464.)

X > 4 is inconsistent with (16):
Suppose x > 4 and (16) holds true. Then:

2wy — (1 —a®)v* 2" — a(l —a)z*y*
Pvs —a(l —a)lfz* + Iy — (1 — aZ)%V*z* + 1?70‘1/*7*

4 <

Using the fact that x* > 0, that the denominator is greater than I*v* + (1 — a)l*z* (cf. (A.9)), that
2/a < 4 for a > 1/2, and that 2(1 + a) < 4, it follows that
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Using (6)-(9), it follows that

1 1 1
0 > —3(A+ +an)(A+—n)
« X X

9
4loa (A+1+an> <A+—1+Xn)
X X

L (as k) [ar a ety

12



- A2$[1+(1—a2)—1]

HA Ll tat+1+1-aD)(1+a+1+x)—[1+0-a®)1+y)
a3x{ [ ”
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n
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+<;> S+ [l+a(l—a)(1+x)

> 0,

a contradiction.

Lemma 3:
The expression on the right-hand side of (19) is less than the expression on the right-hand side of (16)
if

W —a(l —a)z" ++* ¥y — (1 — 2)v*z* — a(l — a)z*y*

I* + ITTO‘V* Pvs —a(l — )l z* + Iy — (1 — aQ)ITTO‘V*Z* + I?To‘u*'y*'

It has been shown above that the denominator on the right-hand side (i.e., the term in square brackets

in (13)) is positive. So this condition can be manipulated as follows:

0 < (l* + ! ;au*> [21/*7* —(1-a** —a(l - a)z*v*}
—[2v" — a(l — a)z" +~*] {l*u* —a(l —a)l* 2" +I"y* — (1 — a?) ! ; Y2t + ! ;ay*'y*
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+21 - O‘(V*)Q,y* —(1-a?) 1 ;a(y*)Qz* (1 - )ty
—2I*(v*)? 4+ 20(1 — Q) I*v* 2" — 21y + 2(1 — o?) ! ;a(u*)2z* — 21 ;a (V*)2y*
+a(l —a)l*v*z* —a?(1 — @)’ 1* (%) + a1l — a)l* 2"y — (1 — ®)(1 — a)2*(2*)2 + (1 — )2 2"y
U a(l — a)lf eyt = () 4 (1 - oz2)1_7au*z*’y* 1= ay*(,y*)z

(o}
_ —2l*(1/*)2
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We have to show that the term in square brackets is positive. To do so, we use five preliminary results

(obtained using (A.5)):
(1—a)(l-2a)I"v*2" = (1 — )’I*v*2* — a(l — Q)l*v*2" > —a(l — a)l*v* 2"

* * * 2 *\2 %
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Using these results and x* > 0, we find:
>0 >—a(l—a)l*v*z* >(1—a?)(v*)22* >0 >a(l—a)l*z*y*
— —

*ook\2 - o koK % /_*/h 2 _ 2% %\2 - * %k ok *(  %\2
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1-— 1-— 1-—
(1) 22 +(1 - a?)(1 - )2 () —(1 — a?) 1 ()
« !
—_—
>—(1— QQ)M(V*PZ* >(1-a?) (17(;)2 (v*)2e~ >(1_a2)1_TaV*Z*’Y*
—(1-a?)(v)?e*
+a(l — a)l*v*z*
> —a(l—a)l'v*z" + (1 —ad) )% —a(l — a)l* 2"y + a(l — a)l*2*y*
1—a)? 1—a)?
—(1- aQ)Q(V*)Zz* — (1= W) +a(l —a)l*v 2" + (1 - OAQ)Q(I/*)QZ*
o' «
1-— 1-—
_(1 —042) al/*z*’y*+(1—a2) aV*Z*'y*
= 0.

Equation (22):

b;e%" are particular solutions to (10) (b; = (b, byi, bzis byi)', @ = 1,...,4). From x = J(x — x*), it
follows that ¢;b;e?! = Jb;e%!, that is (J — ¢;I)b; = 0. The characteristic equation, f(q) = |J —¢I| = 0,
ensures that non-zero solutions b; exist. b; is the eigenvector corresponding to eigenvalue ¢; (i =
1,...,4). The general solution of system (10) is x(t) —x* = 3%, B;b;e?%?, where the B;’s are constants
to be determined below (i = 1,...,4). Since two eigenvalues, g3 and qq4, say, are positive, we must have

x(t) — x* = 322, B;b;e%!. Evaluating this equation at t = 0 yields (20):

2
x(0) —x* = ZBibi
i=1

1(0) —1* bix bi
v(0) — v* by by
( ) = B1 ! +B2 2 . (Al())
z(0) — 2* b1 bz2
7(0) - ’Y* byl b«,g
From the first the line in (A.10),
_I*—bnB
By = L= =buBr (A.11)
biz
Inserting this into the third line in (A.10) yields:
1(0) —I*—bpnB
2(0) = 2" = Biba + © U 0bas
biz
b, ) bub,
= 20 - 1)+ B (b - 2
biz bi
2(0) — 2 — E2[1(0) — "]
B, = — ’%bﬁ . (A.12)
12

Using (A.11) and (A.12) in the second equation in (A.10) yields (22):

1(0) — I* — by By

l/(O) —v* = Biba +
bi

bu2
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blg bl2
bﬁ l(o) _ l*] + Z(O) — 2" = 27—22[[(0) - l*] <b L — bllby2>
bia b1 blll)lb;? v bia
sz bllbu2
buo b ( bubm) by — 2
00y — 17 |22 - B (p 4 2(0) — 2] L b
-1 {325 S (=) -
sz
b, (bu1biz — by1by2) buibis — biiby
1) =1 |52 = + [(0) — 21—
12 b.1bi2 — byib.o b.1biz — byib.o
b2 (b,1b1p — biabza) — 82 (buibio — biibuo) by1bio — biib
[1(0) — 1] -2 2 +[2(0) — 2] AR
bo1bi2 — byib.o b.1bi2 — byib.o
b21bu2 — by bu1biz — bi1buo
(0) — ] /—————== z(0) — | —————=—==
110) ] bo1bi2 — by1b.o [(0) ]bzlbl2 — by1b.o

[1(0) — I*](b21by2 — by1ba2) + [2(0) — 2*](by1bi2 — biibu2)
b.1biz — byib.o '
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